AN ISOPERIMETRIC PROBLEM WITH AN INEQUALITY 
CLAIRE FISHER ADLER, New York University 


The problem of this paper is a generalization of the classical isoperimetric 
problem: “Of all curves inclosing a domain of given area, to find one of minimum 
length.” It was suggested by Dr. R. Courant in connection with new types of 
variational problems, some of which can be illustrated by soap film experi- 
ments. * 


1. Formulation of the problem. Let M denote a closed, continuous, section- 
ally smooth curve in a bounded, closed, plane region R. That is, every such 
curve consists of a finite number of arcs each of which has a continuously turn- 
ing tangent at each of its points up to and including its end points. Such a curve 
can therefore have at most a finite number of corners or cusps. Also, each such 
curve can be represented parametrically by equations of the form: x=x(t), 
y=y(t), 0 S¢tSh, the curve being described just once as the parameter ¢ de- 
scribes the interval fo, t:. The correspondence between points P(t) of curve M 
and values of ¢ need not however be one-to-one. That is, to an arc as P,P» (Fig. 
1) may correspond more than one sub interval of to, 4. Such an arc will be said 


Fic. 1 


to be described more than once as P(t) describes the curve once. From this fact it 
follows that M is not necessarily a Jordan curve. In order therefore to speak of a 
domain inclosed by such a curve it will be necessary to extend the ordinary 
concept of exterior, interior points of a (Jordan) curve. To do so, join a point 
P(t) of curve M to any point Q not on the curve and denote by @(¢) the angle 
which the vector QP makes with the positive x axis. Then, as the parameter ¢ 
describes the interval to, 4: the vector QP generates an angle 0(t:) 
where the number is independent not only of the parametric representation 
of the curve but also of the determination of 0(#). The number 2 is called the 
index of the point Q with respect to curve M. As is well known, when curve M 
is a Jordan curve, exterior, interior points are points of index 0, 1 respectively. 
We shall consider therefore only those curves M for which every point not on the 
curve ts of index 1 or 0. By definition, exterior, interior points of curve M are points 
of index 0, 1 respectively. 

Points of index 1 form an open set D consisting of a finite number of domains 


*See “What Is Mathematics” by R. Courant and H. Robbins, pp. 385-397, and a paper by 
R. Courant to be published after the war. 
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inclosed by the curve. The area of the set D is said to be the area inclosed by the 
curve. If D is void, M is said to inclose zero area. 

If a point P of M is a boundary point of a domain inclosed by curve M, the 
point P is called a boundary point of the curve; otherwise, point P is a non- 
boundary point. 

The length of curve M is the sum total of the lengths of the arcs of the curve, 
each arc being counted as many times as it is described. 

¥ denotes the class of all such curves M. 

Admissible curves are those curves of the class y which inclose a domain or 
domains 1) of a prescribed fixed area S20 and 2) these domains contain a 
given set A of fixed points in their interior or on their boundaries. Points of the 
set A are denoted Ai, Az: - - An, m>2. The problem to be solved is then: 


PROBLEM. In the class of admissible curves find one whose length is a minimum, 


The existence of a solution is assumed in Part I of the paper and proved in 
Part II. C always denotes a solution and L(S) its length. Part I contains 1) prop- 
erties of a solution C showing its form or structure and 2) continuity considera- 
tions showing the dependence of the length L(S) of curve C on the area S. In 
addition to existence proofs, Part II contains an illustrative example showing 
the changing form of a solution as the area increases. 

From the classical theory, it is known that, C is a circle, when the condition 
2 of admissibility, called an inequality, is unessential, i.e., when the problem 
with the inequality has the same solution as the problem without the inequality. 
Only the essential inequality is considered here. 


Part I 
2. Three preliminary properties of a solution C. 


PROPERTY 1. Every non-boundary point of C is on a straight line segment and 
every boundary point on an arc of a circle (which may be a straight line). 


a) Every non-boundary point of C is on a straight line segment since such a 
point must be connected to a boundary point by a curve of shortest length: 
1.¢., a straight line segment. 

b) Every boundary point is on an arc of a circle: 

Proof. From the definition of an admissible curve, C consists of a finite 
number of smooth arcs and incloses only a finite number of domains. Moreover, 
two domains may have a common boundary arc only if the arc is a point for 
otherwise removal of this common boundary arc would result in an admissible 
curve of smaller length than C thus contradicting the hypothesis that C is a 
solution. Hence the only arcs of C which are described more than once are straight 
line segments. Let G denote the finite set of boundary points consisting of: 

1) Extremities of line segments, 

2) Points common to the boundaries of different domains, 

3) Points of the set A which are on C. 


| 
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Then, if a boundary point P is not a point of the set G, there exists a positive 
quantity ¢ such that the circle whose center is P and radius ¢ meets C in only two 
points, R and Q (Fig. 2), contains points of one domain only and does not con- 
tain any points of the set A. From the classical theory, it is known that in this 
circular domain the arc of smallest length joining R and Q is an arc of a circle. 
Hence the property is proved for a boundary point not belonging to the set G. 


However, since these arguments are valid as long as the point P is not a point 
of the set G, an extremity of an arc of a circle must be a point of the set G. C 
therefore consists of straight line segments and arcs of circles. If extremities of 
arcs of circles be called end-points it has also been shown that: 


Coro.uary: End-points of C belong to the set G. 


Property 2. If one arc of a circle of C is convex (concave), every arc of a circle 
ts convex (concave). 


For, otherwise, it is always possible to replace a convex and a concave arc 
by their respective chords KM and RS (Fig. 3a) where the arcs are so chosen 
that the resulting curve is still admissible. But since chords have smaller length 
than their arcs, the new curve (Fig. 3b) has smaller length than C and from this 
contradiction Property 2 follows. 


(a) (b) 
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PROPERTY 3. Arcs of circles of C have equal radii. 


For, otherwise, there exist chords PQ of radius r: and P’Q’ of radius n#n 
such that the chords are equal and the domains inclosed by these arcs and their 
respective chords do not contain any points of the set G or of the set A. Then 
the curve which results by interchanging arc PQ with arc P’Q’ is still an admis- 
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sible curve but an end point such as P’ (Fig. 4b) does not belong to the set G. 
Since this contradicts corollary, property 1, the property is proved. 


Q 
P Q 


(a) (b) 
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3. Continuity considerations. The dependence of the length L(S) of C on 
the area S is given by a theorem whose proof depends on the following: 


Lemma. The length L(S) of C is a) a monotonic increasing function of S if an 
arc of a circle of C ts convex and b) a monotonic decreasing function of S if the arc 
is concave. 


Proof: If a convex, or a concave arc of a circle of C, inclosing with its chord 
a domain not containing any fixed points, be replaced by its chord, the new 
curve E 1) is still admissible, and 2) incloses area S’<S if the arc is convex and 
area S’>S if the arc is concave. Moreover, since a chord is less than its sub- 
tended arc, the length E(S’) satisfies: 


(1) E(S’) < L(S). 

But, since L(S’) is the length of a solution inclosing area S’, 
(2) : E(S’) > L(S’). 

Therefore: 

(3) L(S’) < L(S) 


where S’<S if the arc is convex and S’>S if the arc is concave and thus the 
lemma is proved. 


CONTINUITY THEOREM. The length L(S) of a solution C inclosing a domain or 
domains of total area S varies continuously with S. 


Proof. Consider first a solution C in which an arc of a circle of C is convex. 
Let a domain of area h be adjoined to a domain inclosed by C by replacing an 
arc PQ by a circular arc PQ of different radius (Fig. 5). Such a domain can al- 
ways be chosen so that the resulting curve E£ is still admissible when the inclosed 
area is S+h. Moreover, if h is a sufficiently small positive number there exists 
an €>0 such that if E(S+h) denote the length of E, we have 


(1) 0 < E(S + h) — L(S) <« 


where L(S) denotes the length of C. But, 
(2) E(S + h) = + fh) 
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since L(S+h) is the length of a solution inclosing area S+h. From the lemma 
just proved: 


(3) L(S + h) > L(S). 
Therefore 
(4) 0< L(S + hk) — L(S) <e 


and the theorem is proved when an arc of C is convex. If an arc of C is concave, 
the domain of area h may be chosen 1) as a sub-domain of a domain inclosed by 
C and 2) so that the domain contains no points of the set A. Then E incloses 
area S—h; and if S—h replace S+h, the above inequalities still hold. That is, 
the theorem is proved also when an arc of C is concave. Since these arguments 
hold for any value of S however small, L(S) is continuous at S=0. 


As 
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4. Additional properties of C. Steiner’s classic problem “To find a point O 
at a minimum distance from three fixed points,” is the problem of this paper 
when S=0 and A1A2A3 are the given points. Its solution in theorem form is: 


THEOREM A. (STEINER). The point O at a minimum distance from three fixed 
points A,A2A; is the point O (Fig. 6) from which each of the three sides of the tri- 
angle A,A2A3 subtends an angle of 120°, if no angle of the triangle is greater than 
or equal to 120°; otherwise, it is the vertex of the largest angle of the triangle. 


PROPERTY 4. When S=0, C consists of straight line segments and no more 
than three of them meet in a point. 


For, by definition, every point of C is a non-boundary point when S=0. 
Hence, by property 1, C consists of straight line segments. Suppose now that 
more than three of these segments meet in a point P; then one of the angles at 
P say A;PAyj is less than 120°, and since C is a solution this is the shortest path 
connecting points Ai, P, and A:. Since this contradicts Theorem A, Property 4 
follows. 

Let a point of meeting of exactly 3(2) line segments of C be called a regular 
(degenerate) contact point, or, where no confusion will arise, simply a contact 
point. 
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From Theorem A it then follows immediately that: 


Property 5. a) Each obtuse angle formed by lines meeting at a regular contact 
point equals 120°; b) the obtuse angle formed at a degenerate contact point is 2 120°. 


The smoothing effect of the minimizing property is shown by: 


Property 6. A line segment of C is tangent to an arc of a circle of C at its point 
of meeting with the arc. 


Proof. Suppose the contrary, i.e., a solution C has a corner at an end point e 
lying on a line segment of C. Fig. 7a. There is then a point P of C so near e that 
if r is the radius of arcs of circles of C, a circle of radius r and through P meets C 


(a) 
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in another point V and incloses with arc PeV a domain d, of arbitrarily small 
area and outside any domain inclosed by C. Also, there exists a closed domain dz 
congruent to d; and its boundary, and not containing any points of the set A. 
Now, replace arcs PeV and P’V’ by arcs PV and P’e’ V’ respectively. There re- 
sults an admissible curve E, Fig. 7b (by hypothesis, the arc Pe was described 
twice and removed once). Moreover E has the same length as C, for E is simply 
curve C except for 1) arc Pe V which is replaced by arc PV and 2) arc P’ V’ which 
is replaced by arc P’e’V’, and P’e’V’ is congruent to PeV. But £ has an end- 
point as P’ not belonging to the set G (page 60) and hence by corollary, property 
1, its length and therefore the length of C is not a minimum. From this contra- 
diction the property follows. 

Similar arguments hold if 1) e is a point common to the boundary of two dif- 
ferent domains or 2) C contains both a contact point and incloses a domain of 
area S>0. Hence, if a contact point be called a domain of zero area: 


CoROLLARY 1. If any domain inclosed by C has area greater than (equal to) 
zero, so has every domain. 


COROLLARY 2. C has no corners when S>0 except possibly boundary points 
belonging to the set A. 
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Coro.iary 3. If C contains a line segment when S>0, arcs of circles of C are 
concave. For, otherwise, a point of meeting of a convex arc and a straight line seg- 
ment would be a corner. 


Lema. If S is sufficiently small, no domain contains more than one fixed 
point, and arcs of circles of C are concave. 


Proof. The maximum diameter of any domain is less than or equal to twice 
the radius r of arcs of circles of C so if d is the minimum distance between any 
two fixed points of the set A, and if 2r<d, no domain contains more than one 
fixed point. For such a value of r, a domain must be joined to a fixed point by a 
line segment (of length greater than zero), and by corollary 3, property 6, arcs 
of circles are concave. Hence the lemma is proved. 


PROPERTY 7. C incloses at most n—2 domains. 


Proof. For simplicity, let a point common to the boundary of two domains be 
called a line segment joining the same. Similarly, if an end-point of a domain is a 
fixed point, the two points are said to be joined by a line segment of length zero. 
From corollary 1, property 6, it follows that if any domain inclosed by a solution 
Chas area S>0, so has every domain. Suppose first that area S>0 and the con- 
ditions of the lemma are satisfied. Then each domain has at least three end- 
points of which, if k is the number of domains inclosed, 2(—1) of them are on 
the k—1 line segments connecting these k domains. But each of the remaining 
3k —2(k—1) =k+2 end-points must be joined to a fixed point by a line segment 
and this line segment as well as those joining domains may contain more than 
one point of the set A. Thus the correspondence between these k+2 end-points 
and the m points of the set A is: 1) To each end-point e;, =1, 2, - - - , k+2, cor- 
responds a point A; (or points), j=1, 2,---, m, and 2) no two end-points cor- 
respond to the same fixed point. Therefore k+2 Sm or k Sn—2, where k is the 
number of domains inclosed by C, and property 7 is proved when area S>0. 

If area S=0, by corollary 1, property 6, every domain d; has zero area and d; 
is a contact point. Hence there are again three line segments corresponding to 
each domain and the remaining arguments are the same as those just given. 

If a domain with three and only three end-points be called a triangular do- 
main, the next property is: 


PROPERTY 8. When 1) the area inclosed by C is sufficiently small and 2) the 
set A contains more than three points, C incloses more than one domain and each 
domain is triangular. 


Proof. Let K denote the class of admissible curves each of which incloses zero 
area and has more than three line segments meeting at a point. Consider the set 
of numbers representing the difference between the length L(0) of a solution in- 
closing zero area and the length M(0) of a curve M of class K. This set of posi- 
tive numbers has a greatest lower bound B>0 since otherwise there would be a 
curve of the set whose length would be arbitrarily near L(0) and by Theorem A 
this is impossible. Hence 
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(1) M(0) — L(0) 2 B. 


Suppose now that C incloses an area satisfying lemma, page 65. Then in each 
domain d;, (1SiSn—2), inclosed by C, select a point P; (where P; is the fixed 
point if d; contains one) and join P; to each end-point of d; by a line segment. 
Remove all arcs of circles of C. There results a curve M of class K, if any domain of 
C has more than three end-points. Suppose such is the case. If then e>0 is the area 
inclosed by C, there exists a positive quantity 5 depending on ¢ such that the 
length L(e) of C satisfies 


(2) | L(e) — M(0)| = 4, 


where if € is small so is 6. 
Suppose now that 6 is chosen so small that 


(3) 8<B. 
Then from 1), 2), and 3) it follows that 
(4) L(e) > L(0), 


which contradicts lemma, page 62, and hence property 8 is proved, and also: 


CoROLLARY 1. When the area inclosed by C ts sufficiently small, C incloses 
n—2 domains. 


Coro.iary 2. A solution curve inclosing area near zero is near a solution curve 
inclosing zero area. 


Two additional properties, whose proofs are omitted because of their ex- 
tremely elementary nature, are: 


Property 9. If each end-point of a triangular domain of C is a point of tan- 
gency of the arcs through it, the end-points form an equilateral triangle (Fig. 8a); 
if two and only two end-points are points of tangency, the end-points form an isos- 
celes triangle (Fig. 8b). 
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PROPERTY 10. If a domain inclosed by C has four and only four end-points 
each of which is a point of tangency of arcs through it, these end-points form a 
rectangle (Fig. 9). 


Fic. 9 


This completes the description of the structure of C. 


Part II 


5. Existence Proof. By definition, all admissible curves inclose the pre- 
scribed constant area. 

When S>0, denote by @ the sub-class of admissible curves having properties 
1, 2, 3 and 7 and 

When S=0, denote by 8 the sub-class of admissible curves having properties 
1, 4 and 7. 

From the arguments in part I, if a solution exists in the class a(§) it is the 
solution of the original problem. That this solution exists is shown as follows: 


EXISTENCE THEOREM. There exists a solution in a and a solution in B. 


Proof. Let k denote the number of end-points of a curve of a or contact points 
of a curve of 8. Then, from property 7, there exists a positive integer s such that 


(1) O<k<s. 


It will be shown first that a solution exists in a. Let r denote the radius of arcs 
of circles of a curve E of a, x;, ys(i=1, 2, - + + , R) the rectangular coordinates of 
end-points P; of E, and 

\=arc tan r. Then if E(S) denote the length of E, 


where the variables x1, - - - , xx, Ye, A, denoted simply x, y, A, satisfy 
the subsidiary condition: 

(3) d) = S, 


and both @ and f are continuous functions of x, y, \. Since all of these variables 
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lie in a bounded, closed region T, by elementary function theory E(S) has a 
minimum in T. Let L,(.S) denote this minimum. Now from 1), k can take on 
only a finite set of values. The corresponding values assumed by L,(S) therefore 
are finite in number. In this finite set there exists a minimum L(S). C is a curve 
whose length is L(S). 

If x;, ys, are coordinates of end-points of a curve E of 8 and E(0) its length, 
then E(0) is a continuous function of x and y alone and the remaining argu- 
ments are the same as those just given. Hence there exists a solution in 8 and 
the theorem is proved. 


6. Example. The set A consists of four points A;, (¢=1—4.) In a rectangular 
coordinate system in which a,, b; are coordinates of A ;, a1 =); =0; a1 <a4 <2 <a3; 
be <bi < bs Fig. 10. 

A solution curve C inclosing zero area is shown in Fig. 10 where C consists of 
the line segments containing the points A; and meeting at contact points 0,02. 
Another solution curve C’ (dotted line, Fig. 10) has its contact points O/ Of ly- 
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ing on arcs 1) whose chords are A4A3 and A1A; and 2) in which a 120° angle may 
be inscribed. If a is the inclination of A10,; ,then 


bs — (a4 — a2) sin 60° + (b4 — 52) cos 60° 


tana = ° 
a3 + (a4 — az) cos 60° + (b4 — bz) sin 60° 


The changing form of a solution as the area S increases is shown graphically 
in Fig. 11 and Fig. 12. 

Fig. 11 shows a solution curve inclosing area S near zero. The number of 
domains inclosed is two (property 8, corollary 1), and the end-points of each do- 
main form an equilateral triangle (property 9). Boundaries of domains 
are concave arcs of circles of equal radii (properties 2, 3, 6, corollary 3). 
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Domains are connected by line segments and fixed points are joined to domains 
by line segments (property 1). 

As S increases, the line segment joining domains shrinks and finally disap- 
pears. A solution curve C then incloses only one domain, Fig. 12, and its end- 
points form a rectangle (property 10) as long as every end-point is a point of 
tangency of the arcs through it. 

For increasing values of S, line segments through the fixed points become 
shorter and finally disappear and when arcs of circles of a solution curve C are 
straight lines (t.¢., circles of infinite radius) C is the quadrilateral A:A2A3A,4, and 
S is its area (dotted line, Fig. 12). 


As 
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For all larger values of S, curve C consists of 4 convex arcs of circles, and 
every end-point is a fixed point as long as S is not too large. But when the area 
S is so large that arcs through the vertex of the second largest angle of the quad- 
rilateral have a common tangent, a solution C is a circle having the vertex of the 
largest angle of the quadrilateral on its interior. This point then represents an 
unessential inequality. 


7. Generalizations. Only a few additional arguments are needed to solve the 
problem when any fixed point is replaced by an admissible curve. 

The theory cannot be extended to a space of three dimensions, however, if 
by a three-dimensional space generalization is meant one in which the area is 
replaced by volume and the length by surface. This is seen most easily by con- 
sidering the surface of minimum area inclosing a given volume, 4.e., a sphere. 
When a sphere is joined to the fixed points by spine-like projections, the area 
of the resulting surface can be made to approach the area of the surface of the 
sphere to any degree of accuracy, but in no case are the two areas equal. The 
problem leads directly to the theory of minimal surfaces, however, if the surface 
is required to contain not only the given points but also the line segments join- 
ing them. It is known that a surface inclosing a given volume has least area 
when its mean curvature is constant, but a general treatment of the problem 
along the lines of this paper has not yet been given. 
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CONVERGENT MONOTONE SERIES 
R. W. HAMMING, University of Louisville 


1. Introduction. We shall use the words “monotone series” to mean a series 
>a, with positive monotone decreasing terms, a;2a:2 - - - 20. The following 
theorems form a background for the present paper and their proofs are so well 
known that they need not be repeated here.* 


THEOREM 1. If ) a, is a convergent series with positive terms, then a,—0. 


This is a “best possible” theorem in the following sense. 


THEOREM 1a. For every sequence (p,) approaching infinity, no matter how 
slowly, there exists a convergent series ) a, with positive terms, such that pra, does 
not approach zero. 


If the hypotheses of theorem 1 are increased by supposing that the terms are 
both positive and monotone decreasing, then a stronger conclusion can be 
drawn. 


THEOREM 2. If }\a, is a convergent monotone series, then na,—0. 


THEOREM 2a. For every sequence (p,) approaching infinity, no matter how 
slowly, there exists a convergent monotone series ) a, such that np,a, does not ap- 
proach zero. 


This paper extends the above sequence of theorems and for this the Cauchy 
Condensation Test is needed. 


THEOREM 3. (Cauchy Condensation Test) If ><a, is a convergent (divergent) 
monotone series, then the series >_2"as" is convergent (divergent). 


2. Cauchy derived series. The Cauchy Condensation Test replaces a mono- 
tone series ) a, by a derived series }.2"a", which we shall call the first Cauchy 
derived series. The derived series of the first Cauchy derived series will be called 
the second Cauchy derived series, etc. As shown in the following example, the first 
Cauchy derived series need not be monotone. Let }-a, be any convergent 
monotone series. From it obtain a series 5b, according to the following rule: 
for n satisfying <n set b, This makes 5, both monotone and 
convergent. However its first Cauchy derived series is not monotone since 


< 


TueoreM 4. If Sa, is a convergent monotone series and the first Cauchy de- 
rived series is also monotone, then n log na,—»0. 


* See, for example, any edition of Knopp, K. Theorie und Anwendung der Unendlichen 
Reihen. 
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Proof. The first Cauchy derived series satisfies theorem 2 so that 
n2"don — 0, 
(log — 0, 
(2.1) 2" log — 0. 


Thus a sub-sequence of (» log na,) approaches zero. Suppose, contrary to what 
we wish to prove, that ( log ma,) does not approach zero. Then there exists an 
€>0 and infinitely many m; such that 


m; log mam; = €. 

However, by (2.1) there exists an m» such that for all n =m 
2” log S 

Thus for m;=2” and satisfying 2*<m,;<2"+4 


€ S m; log mam, < 2"* log 2"* 


< 2(*= *) 2” log S 4-€/8 = ¢/2 
n 
which is a contradiction. Thus ( log na,) approaches zero. 

It is often thought, contrary to theorem 2a, that if }°a, is merely monotone 
and convergent then necessarily m log ma, approaches zero.* It is true that if 
da, is a convergent monotone series and if n log na, approaches a limit, then this 
limit is zero,t but the following elementary examplef{ shows that m log na, need 
not approach a limit. Define the terms of }\a, as a, =1/(k* log k*) whenever n 
satisfies (k —1)*-»*<n<k*. Clearly }-a, is monotone. The proof of its conver- 
gence runs as follows: for every N there exists a k such that N <k*’, and hence 


(m — 


m™ log m™ 


N kom 
Sv= Las Da= 
n=2 m=2 
1 1 
we 
m=2 log m™ m=z m* log m 
Thus Sw is bounded and must approach a limit. However, it is clear that for 
n= k* 
n log na, = 1. 


THEOREM 4a. For every sequence (p,) approaching infinity, no matter how 
slowly, there exists a convergent monotone series dia, with a monotone first Cauchy 
derived series such that n log np»dn does not approach zero. 


* For references see Pringsheim, A. Allgemeine Theorie der Divergenz und Convergenz von 
Reihen mit positiven Gliedern, Math. Annalen, V. 35, 1890, pp. 297-394. 

t The proof follows readily from the contrary assumption. 

¢ “Elementary” with respect to those in the literature. 
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Proof. Applying theorem 2a to the sequence (:") there exists a convergent 
monotone series >.}, such that 2b,ps does not approach zero. Set b,=2"ay" 
and multiply by log 2: 


log 2 = 2" log 2"pondon. 
Define am for m satisfying 2"-'<m <2" as equal to a". Thus } a, is monotone 


with a monotone first Cauchy derived series. The proof of the convergence runs 
as follows: 


Since a sub-sequence of (m log mp,a,) does not approach zero the sequence it- 
self cannot approach zero, and we have proved the theorem. 


COROLLARY TO THEOREM 4. If } a, is a convergent monotone series and the 
first k Cauchy derived series are monotone, then n log n loge n logsn - - - logy na,—0, 
where log. n=log log n, logs n=log log log n, etc. 


Proof. We have actually to prove an infinite sequence of theorems, one for 
each integer k. To prove these we apply mathematical induction. Theorem 4 
provides a basis for the induction with k =1.* Thus assume that the corollary is 
true for k—1. Label the m-th Cauchy derived series as }-a%). We have by the 
hypotheses of the corollary that the k—1th Cauchy derived series of }>a® is 
monotone, so that by the hypotheses of the induction, 


n log n loge n+ — 0. 
But af? =2"a., and the above becomes, 

2°n log log. - logg_1 — 0. 
Multiply by the constant log 2 log: 2 - - - log, 2: 

2” log 2” log: 2" - - logy 2"aen 0. 


Thus a sub-sequence of (n log logs  - - - logy max) approaches zero. The rest 
of the proof follows that of theorem 4. 


COROLLARY TO THEOREM 4a. For every sequence (p,) approaching infinity, no 
matter how slowly, there exists a convergent monotone series > a, with the first k 
Cauchy derived series also monotone such that n log n logs n - + - logy MPpdn does not 
approach zero. 


The proof is left to the reader. 


* Actually we could have used theorem 2 as a basis and performed the induction then and not 
developed theorem 4. 


MAXIMUM ANGULAR VARIATION UNDER SMALL DISPLACEMENTS 
T. Y. THOMAS, Indiana University 


1. Angular variation under small displacements. Let x* and #*(a=1, 2, 3) 
denote coordinates of points relative to the same rectangular system. A dis- 
placement of space or of a material body referred to this system can be repre- 
sented by #*=x*+u*(x) where the u*(x) are the components of a vector. We 
assume the u* to be continuous and to have continuous first partial derivatives. 
To this requirement we add the further condition that the u’s and their deriva- 
tives are small in the sense that the squares and higher powers of these quanti- 
ties can be neglected. This is the usual assumption in the theory of elastic dis- 
placements. 

If »; and v2 are unit vectors at a point P, and @ is the angle determined by 
these vectors, then the change 6@ produced in the angle @ as a result of the above 
displacement is given by* 


(1) sin030 = + €2) cosd — 2eqgviv}, 


where 


Cap = 3 (tae + 
and 


€1 = = 


Observe that in the formula for eag we have written u, instead of u* for the “sake 
of appearances” and this is legitimate since we shall limit ourselves to rectangu- 
lar coordinate systems. The “comma” denotes partial differentiation, and of 
course the summation convention is employed. If v:=v2 or v1= —v2 we have 
6=0 or 0=7 and for each of these cases 6@=0. We exclude these two cases and 
thus suppose 0<@<z in the following discussion. 


2. An existence proof. The actual proof of the existence of a maximum or 
minimum: value of 6@ is immediate. In fact each of the directions » and v2 can 
be interpreted as a point on a unit sphere and the product of these spheres is a 
bicompact topological space. Since 6@ is obviously a continuous function over 
this space, it follows that 5@ assumes maximum and minimum values at points of 
the space.t With the existence of directions giving maximum and minimum 
values of 50 thus assured, we proceed to the actual determination of these direc- 
tions and to the calculation of the maximum and minimum values of 50 involved. 


3. Stationary values of the angular variation. A first insight into the prob- 
lem of finding the above directions » and vz is given by the following fact. Sta- 
tionary values of 50 can occur only for 0=1/2 unless 50=0 for arbitrary directions 
at P. To prove this we choose rectangular axes with origin at P and such that 
the vectors »; and ys lie in the x!,*x* plane. Let »: and »; make angles 0; and @2 with 


the x! axis and'suppose furthermore that the axes are so taken that @=0.—0:>0. 
Then 


* Cf. Love, The Mathenfatical Theory of Elasticity, Cambridge, 4th ed., 1927, p. 62. Also 
S. Timoshenko, Theory of Elasticity, McGraw-Hill, 1934, p. 192. 
t See P. Alexandroff and H. Hopf, Topologie, Berlin, J. Springer, 1935, p. 96. 
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vi=cosh, vi=sinh, vi =0, 
vs = cost, rv =0. 
Substituting these values of the »’s and @ into formula (1) for 6@ we have 
sin (0. — 6:)50 = [e1: cos? 6, + sin 6; Cos 02 + é22 sin? 6; + COS? 
(2) + 2e12 sin 02 Cos 62 + e22 sin? 62] cos (82 — 61) 
— 2[e11 cos 0; cos 02 + €12(cos 6; sin 62 + sin 0; cos 62) 


+ 22 sin 0; sin 62]. 


If the vectors »1 and vz yield a stationary value of 58 we must have 506/00, =0. 
After performing the differentiation involved in this condition, let us set 0,=0 
whereupon 6,=8@. This is permissible since we can suppose that the coordinate 
system has been chosen to fulfill this condition (in addition to the above re- 
quirements). We thus obtain, after some trigonometric simplification: 


sin? = — 
Hence the above condition for stationary 56 gives ¢:=é2. Substitution of this 
relation in (2) gives 


(3) 66 = — 2e12 sin? 6. 


Similarly the condition 050/0@.=0 in conjunction with the relation e1=ez 
yields, after some calculation, 

050 
(4) — = — 2e. sin 0 cos 6 = 0. 

062 
Now if ¢2.=0 (in the special coordinate system selected) then from (3) we have 
60 =0. Since our consideration applies in particular to directions 1; and v2 giving 
an absolute maximum or minimum variation 66 this result shows that there is 
no variation in angle for arbitrary directions at P. If, however, e120 it follows 
from (4) that cos 6=0 and hence 6=7/2 (the case sin 6=0 is excluded by the 
assumption 0 <@<2/2). This completes the proof of the italicized statement. 


4. Formal simplification of the main problem. The result just proved sug- 
gests that we replace (1) by the simplified equation which is obtained by taking 
6=2/2. This gives 
(5) = — 2eagvivi, 
where 

= 1, vove = 1, > vive = 0. 


The first two of these latter equations express the fact that » and v2 are unit 
vectors, which is inherent in (1), while the last equation contains the require- 
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ment that the vectors are perpendicular. We now seek stationary values of 5 
in the set of all values of 5@ determined by perpendicular vectors » and v3. For 
the determination of the perpendicular directions »; and v2 which give these sta- 
tionary values of 5@ we take a rectangular coordinate system with origin at P 
relative to which éag = €a5a. We suppose furthermore that the axes of this system 
are so enumerated that ¢,2¢2¢€s3. The above equation (5) now becomes 


(6) 50 = — 

and the perpendicular directions v; and v2 are those which satisfy the condition 
D + = 0, 

in which the variations 5yf and dy¢ are subject to the conditions 

(8) = 0, = 0, + = 0. 


To find the vectors »; and » satisfying (7) we multiply the three equations (8) 
by constants ki, ke and ks and add the resulting equations to (7) in accordance 
with the usual procedure. This gives 


+ (ea + + [(ea + + = 0. 
Equating the coefficients of 5y{ and 6} to zero we now have 
(9) kyi + (€x + ks)v3 = 0, 
(10) (€a + + = 0, 


and the solutions »; and v2 of these equations (for suitable selections of the con- 
stants ki, ke and ks) give the required directions. Now deduce from (9) and (10) 
those equations which result by elimination of »{ and v9 in turn. They are 


(11) [(ea + hs)? — hike bt = 0, [(ea + hs)” — hike = 0 


in which there is of course no summation on the index a. If none of the bracket 
expressions in (11) vanish, the only solution of these equations is given by 
v:=v2=0. If only one of the bracket expressions is equal to zero, for example 
that corresponding to a=1, then the vectors »; and v2 will lie along the x" axis. 
This gives 9=0 or 0=7 according as » and v2 have the same or the opposite 
direction on the x! axis and this case has been excluded from the discussion. 
Hence at least two of the bracket expressions in (11) must be equal to zero. A slight 
simplification in (9), (10) and (11) is obtained as follows. Multiplying (9) and 
(10) respectively by »{ and »3 and summing on the repeated index a we see that 
ki=ke=k. Hence these equations become 


(12) =0, + hs) + = 0, 
(13) + ks)? — = 0, + ks)? — = 0. 


We have shown that all pairs of perpendicular directions », and v2 which 
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yield stationary values of 50 in the set of values of 50 determined by perpendicu- 
lar directions are given as solutions of (12). We now show that any pair of 
perpendicular directions »: and v2 satisfying (12) will likewise give a stationary 
value of 56 without the restriction that variations in direction satisfy the condi- 
tion of perpendicularity, 7.e., the third equation (8). Removing this latter con- 
dition we must now determine the variation 5(50) of 5@ directly from (1) in 
which cos 6 = Zy{v3 in terms of the unit vectors 11 and vz. Making the required 
variations and then imposing the condition that the vectors 1 and v2 are per- 
pendicular initially, we are led to the condition 


5(60) = + €2)5ag — + = 0. 


Or, making the substitution ¢ag = €adas we have 


(14) + = 0, [ta = — + €2)], 


with Zy{érx{ =0 and Yv36v4=0. Then multiplying these latter conditions by con- 
stants k; and ke and combining with (14) we deduce finally as conditions on the 
directions » and v2 for stationary 66 the following 


(15) kwi + tare = 0, Tai + kv = 0. 


But multiplying the two sets of equations in (12) by »9 and r{ respectively and 
summing on the repeated index a we find e+;=0 and e:+ks3=0. Hence 
ks = —e1 = —es and —(e:+¢€2)/2. But when we make this latter substitution 
into (12) these equations assume the form (15). Hence (12) is the condition for a 
pair of perpendicular vectors 1: and v2 to give a stationary value of 56 relative to 
arbitrary variations in direction. 


5. Directions giving a maximum or minimum value of the angular variation. 
We now consider in detail the problem of finding directions », and v2 for which 50 
has a maximum or minimum value. For this purpose we divide the discussion 
into separate cases accordingly as the e’s are all distinct, the values of two of the 
e’s are equal, or all e’s have the same value. 

Case I. The ¢'s have distinct values, 1.e., :>€,:>¢€3. Suppose that the bracket 
expressions in (13) vanish for a=1, 2. Then (€:+k3)?=k? and (¢-+ks)?=k? or 
a+ks= +k and ¢+k3;= +k. Both plus or both minus signs in these relations 
cannot be taken since we then have €: = €, contrary to hypothesis. Hence we must 
have (a) a+ks=k, e+ks=—k or (b) atks=—k, e+ks=k. Taking first the 
equations (a) we find on solving that ks= —(e:+«)/2 and k=(a¢—6)/2. Sub- 
stituting these values of ks and k into the remaining bracket expression in (13), 
4.e., the expression for which a=3, we have 


(es + hs)? — k® = (es + ks + k)(es + hs — = — €2)(€g — 1) > 


It follows from (13) that »3=»3=0 so that the vectors »; and ys lie in the x, x* 
plane. From (12) with a=1, 2 we now find 
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1 


+ + = — = 0, or = 


since k~0. Had we used the alternative equations (b) we would have found that 
(12) reduces to =»3, = and Now imposing the condition that 
y; and vs are perpendicular, namely vjy}+7373 =0 we obtain — (P+) = 0 and 
hence Then from the relation =1 expressing the condition 
that is a unit vector, we obtain 2(v})? =1 or = +1//2. Hence +1/ V2. 
From the condition (»})?+ (v3)? =1 we can now obtain 1/2+(v2)?=1 and hence 
+1/+/2. Finally 7 = +1/+/2. Collecting these results we have 
1 1 1 1 1 2 1 

where any choice of algebraic signs can be made which is consistent with the 
requirement that the vectors », and v2 be perpendicular. We thus see that the 
possible vectors »; and v2 can be described by saying that they bisect adjacent 
quadrants in the x’, x? plane. If » and v2 bisect the first and second quadrants 
respectively, or if these vectors bisect the third and fourth quadrants of the 
x!, x? plane, we find on making the appropriate substitutions of the v’s in (6) 
that 60=¢€,—é€,>0 in each case. When the vectors bisect the first and fourth 
quadrants and also when they bisect the second and third quadrants the corre- 
sponding value of —(¢€,—é:). 

There are two other combinations of bracket expressions in (13) which can 
be equated to zero and which lead to results analogous to the above. Thus sta- 
tionary values of 60 are given by the pairs of perpendicular vectors which bisect 
the quadrants of the x!, x* plane and the corresponding value of 40 is +(€—6). 
Similarly we obtain a stationary 50 for perpendicular vectors bisecting the 
quadrants of the x?, x* plane, the values of 6@ in this case being given by 
60 = + (€,—€3). Since there thus exist non-zero values of 46 it follows from the 
result at the beginning of this paper that the above-mentioned pairs of per- 
pendicular vectors »; and v2 constitute all the directions giving stationary values 
of 56. 

The question now arises as to whether the above pairs of perpendicular vec- 
tors »; and v2 give relative maximum or minimum values of 56. Our results show 
that the greatest value of 50 is ¢:—€; and this is determined by the pair of per- 
pendicular vectors 1, and v2 which bisect the first and second quadrants or the 
third and fourth quadrants of the x!, x* plane. Similarly the least value of 58 is 
—(&—€s) and is determined by the vectors bisecting the first and fourth or the 
second and third quadrants of the x!, x* plane. These are the absolute maximum 
and minimum values of 60 the existence of which has been assured by the pre- 
vious discussion. There remains, however, the question whether the other sta- 
tionary values of 5@ constitute relative maxima or minima of this quantity. 

This latter question is to be answered in the negative. But to show this we 
must calculate, to within terms of higher order, the change Ad@ in 50 determined 
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by the variations 5r{ and 6v3. Take the case for which the vectors and vz bisect 
the first and second quadrants of the x!, x? plane and for which 66=«—e, as 
shown above. The components of these vectors are then given by ri = =1/1/2, 
¥=0and —v}=v3=1/+/2, 8 =0. Values of »f and v3 in the neighborhood of these 
values can be represented by the spherical coordinates of points on the unit 
sphere with center at the origin. Thus 


1 2 3 

vy = Sin COS do, vy = sin Sin = COS 
1 2 3 

Ve = Sin COS gu, V2 = sin $3 SIN gu, Ve = COS 


To find the variations 6y{ and 6rZ in terms of the arbitrary variations of the ¢’s 
we expand the trigonometric functions in the above equations about the follow- 
ing initial values: ¢1=72, ¢2=7/4, and ¢4=7/2+7/4. We thus find 


sin = 1 — = on)" +: 


1 
cos = — 


sin ¢3 = 1 — — +: 


1 
sin $4 V2 (54)? + 
cos $3 = — bos 
Now cos @= ).r%v3. The right member of this equation can be expressed in 
terms of the 5¢’s by the above substitutions. In the left member put 6=2/2 +Aé0 
and expand about 7/2. This leads to the relations 


cos = — Ad = — + 


to within the order of terms which we need to consider. Turning now to the 
equation (1) we replace 50 by 58+-A60 and express sin 6 in terms of A@ by expan- 
sion about 7/2. To within terms of the second order in the variations 5¢ the 
left member of (1) then becomes 


| + (€1 — 2) — — €2) [(6b2)* — + 
when use is made of the above value of A@ and the fact that 6@=«—¢. Finally 
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making use of the above value of cos @ in terms of the 6¢’s and also making the 
above substitutions for the xf and yf in the right member of (1), we find, after 
reduction, that y 


— 2450 = A(5p1)? — + 2A (5G2)? + A + 2A (594)? 


to within quadratic terms in the variations 6¢. Here A=a—e>0 and 
B=(e—6€3)+(6—6€3)>0. The matrix of the coefficients of this (symmetric) 
quadratic form in the 6¢’s is 


0 
| 0 24 O 0 
0 A 0 

0 0 0 24 


and the algebraic signs of the successive diagonal determinants are +, +, —, —. 
Hence in accordance with the usual test this form is neither positive nor negative 
definite, and hence the value 5@ = €,—¢, under consideration is neither a relative 
maximum nor minimum. It follows that a similar conclusion holds for the nega- 
tive of this value of 5@ namely 50 = —(¢,—é:). 

By rotating the coordinate axes as indicated by (x, x!, x?)—>(x!, x?, x?) 
and making the corresponding substitution on the quantities €, namely 
(€s, €1, €2)—>(€1, €2, €3) We can pass from the case just treated to that for which the 
vectors »; and v2 bisect the quadrants of the x?, x* plane. Since the matrix de- 
rivable from the above matrix by this substitution on the e’s is neither positive 
nor negative definite, it follows that the values 50 = + (€— és) corresponding to 
vectors »; and v2 bisecting the quadrants of the x?, x* plane are neither relative 
maxima nor minima. However, the above matrix passes into one corresponding 
to a definite quadratic form under the substitution (€3, €:)—>(€2, which 
gives an explicit proof of the fact already observed that the values 6@=«,— 6; 
and 60= —(€:—¢€3) are respectively maximum and minimum values of 60. 

We can now sum up our results for Case I as follows. Vectors », and vz bi- 
secting the first and second or the third and fourth quadrants of the x', x* plane give 
a maximum 60 =(€:—€3) while those bisecting the first and fourth or the second and 
third quadrants of this plane give a minimum value 60 = —(€,—€3). Vectors and 
v, bisecting adjacent quadrants of the x', x* or x*, x* planes give stationary values of 
50 but these values are neither relative maxima nor minima. In making this state- 
ment it is of course to be understood (as also in the following) that the vectors 
and » have their initial points at the origin of the rectangular coordinate system 
for which éeg=€a5ag and that moreover the coordinate axes have been enumer- 
ated so that the inequalities hold. 

Case II. Two of the e's are equal. This case breaks up into the following sub- 
cases, namely (a) €:=€:>¢3 and (8) ¢:>€,=€3. We shall give the discussion in 
detail under the assumption (a). 

Since two of the bracket expressions in (13) must be equal to zero we must 
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‘have (€:-+3)?—k?=0 and hence (a) « =k—ks or (b) a= —k—ks. If R=0 there 
is no distinction between (a) and (b). We treat this special case first. Then 
equations (12) reduce to and But 
and hence v8 =»3 =0. Hence »: and v2 can be taken as any pair of perpendicular 
vectors in the x, x? plane. 

Now assume k0 and suppose (a) to hold. Then equations (12) become 


{ Ath ni +2 = 0, 
koi + (es + = 0, (es + + = 0. 


If we combine the equation expressing the fact that the vectors 1 and 3 are 
perpendicular with the equations (16) we find 


+ + ks)(v1)" = 0. 


(16) 


But, 


since »; is a unit vector, and hence 


[k (es + ks) =k or = k, 


Since €:—¢,;~0 and k0 it follows that »30. Hence the values of the quantities 
vt and v3 satisfying the twe equations in the second line of (16) cannot both be 
zero and hence the determinant of the coefficients in these equations must van- 
ish. But this determinant is 


(es + ks)? (és + ks k) (es + + k) = (es €1) (eg + + k) = 0. 


Then since €;— €:+0 we must have ¢,+k3+k =0. Hence the two equations in the 
second line of (16) reduce to the single equation »3 =»}. 

We have thus shown under the above condition (a) that equations (12) re- 
duce to = = and Under condition (b) we find in a similar 
manner that we may also have vi =}, v} =3 and v3 = —»3. These results can be 
expressed as follows: The vectors »; and vz can be taken as any pair of perpendic- 
ular vectors which issue from the origin of the coordinate system and which lie 
along generators of the complete circular cone C, the generators of which make 
an angle of 7/4 with the axis, and whose axis coincides with the x* coordinate 
axis. Under condition (a) both vectors »; and p¢ lie in the same nappe of the cone, 
while under condition (b) the vectors v1 and ps lie in different nappes. 

Calculation of the values of 5@ corresponding to the above determinations of 
the vectors », and » is readily carried out and leads to the following results. 
Corresponding to k =0 for which 1; and v2 are perpendicular vectors in the x!, x? 
plane we find 66=0. When » and vz have the determination under condition 
(a) above, we have 60=€,—¢€; and when the vectors », and vz are determined 
according to condition (b) then 50 = —(¢,—¢s). The above pairs of perpendicular 
vectors »; and v2 constitute all pairs of directions for which 50 has stationary 
values. Also we have max. 50=¢€,—¢€s3 and min. 50 = —(¢,—¢). 
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We can readily observe that the value 50 =0 determined by any pair of per- 
pendicular vectors and is neither a relative maximum nor minimum. 
To show this let us first determine all pairs of perpendicular vectors 1; and v2 
for which 66 =0. The required conditions on such vectors are obtained by equat- 
ing the right members of (6) to zero. This gives 


= + = (e3 — = 0, 


Since €¢s—€1+0 it follows that v3 =0 or »3 =0, i.e. one of the vectors 1; or vz must 
lie in the x!, x? plane. Now take a pair of perpendicular vectors »; and v2 lying 
along generators in the same nappe of the cone C, for example in the nappe lying 
in the semispace x*20. For these vectors we then have 6@=«,—¢,;>0. Displace 
vy, and v2 continuously, but without altering the condition of perpendicularity 
into v? and v9 respectively in such a way that the end points of the vectors always 
lie in the same semispace with respect to the x, x? plane. It follows from the 
result just proved that we shall then have 69>0 throughout this displacement. 
Similarly if we start with perpendicular vectors »; and v2 lying along generators 
of C, but in different nappes of C, and displace them continuously under the 
condition of perpendicularity into »? and v in such a way that the end point of 
each vector always remains in the same semispace with respect to the x!, x? 
plane, then we shall have 69<0 throughout the displacement. Hence in any 
neighborhood of v? and v2 there exist vectors v1 and v2 for which 69>0 and vectors 
"1 and »: for which 66<0. It follows that the value 5@=0 determined by v? and 
vy is neither a relative maximum nor minimum. 

Corresponding results are obtained under the eesunption (8) for which 
€1 > €:=€3. Now instead of the above cone C we have the analogous cone C’ with 
axis along the x! coordinate axis. We give the results in the following statement 
which contains the complete results for Case II. If a=€.>¢€3 perpendicular 
vectors v1 and v2 lying along generators in the same nappe of the cone C yield max. 
50 = €:—€3 while those perpendicular vectors along generators in different nappes of 
C give min. 506= —(€:—€3). A stationary value 506=0 ts given by any pair of per- 
pendicular vectors v; and v2 in the x', x? plane, this value being neither a relative 
maximum nor minimum. If €>€,=€; those perpendicular vectors vy; and v2 which 
lie along generators in different nappes of the cone C’ give the max. 50=a—€ and 
perpendicular vectors v; and v_ along generators in the same nappe of C’ give the min. 
60 = —(€:—€2). When the vectors v; and vz are any pair of perpendicular vectors in 
the x, x* plane we obtain a stationary value of 506=0 which is neither a relative 
maximum nor a minimum. 

Case III. All e’s have the same value. This case can be handled quickly. Let 
and vz be any two unit vectors not necessarily perpendicular. Then since 
€1= €:=€; it is immediately seen that the right member of (1) is equal to zero. 
Hence 50=0 for arbitrary directions v; and rz. 

This completes the determination of all directions giving angles of maximum 
and minimum variation under small displacements. 


i 
= 


DISCUSSIONS AND NOTES 


EpITED BY MariE J. Wetss, Sophie Newcomb College, New Orleans 18, La. 


The Department of Discussions and Notes is open to all forms of activity in college 
mathematics, except for specific problems, especially new problems, which are reserved for the 
department of Problems and Solutions. 


A MATTER OF MOTIVATION 
H. V. Craic, University of Texas 


It is well known that vector analysis is admirably suited to the exposition 
of a miscellany of topics in elementary mathematics and advanced calculus. 
Usually, the vectorial treatments are short, simple, and well motivated. A case 
in point that so far as the writer knows has escaped attention is the Lagrange 
multiplier method for determining critical points. Roughly, the problem in- 
volved, in its simplest form, is to find a necessary condition that a point P ona 
surface S(x, y, z)=0 give a function F(x, y, z) an extreme value relative to the 
surface—we assume that all functions are of class c’ and that VS0. Evidently, 
if P is such a point; and C (x =<x(s), y=y/(s), 2=2(s)) is a curve passing through 
P and lying entirely on S=0; then the derivative dF/ds vanishes at P. The 
traditional development of Lagrange’s method of attack is fairly concise but 
emphatically it is not well motivated. The fundamental expression F(x, y, 2) 
+S(x, y, 2) is essentially extracted from thin air. With regard to its introduction 
Osgood* says: “The motif lies in the purely algebraic situation which arises when 
we do this thing.” 

Let us now examine the problem from the standpoint of vector analysis. If s 
is arc length on C and ¢ is the unit tangent vector to C at P, then since F has 
an extreme value at P and since S(x, y, 2) =0 on the surface, we have 


dF dS 
0 =—| at P=VF-*| at P; O=—| at P=VS-e| at P. 
ds ds 


But C is any curve on the surface and therefore ¢ is any unit vector tangent to 
the surface at P. Consequently, either VF vanishes at P or it, as well as VS, is 
normal to the surface. In either case we have at P, VF =\VS. This last equation 
together with S=0, comprises the multiplier method. 

The case of two added conditions S,(x, y, 2) =S2:(x, y, )=0 may be treated 
similarly. We suppose that these equations determine a curve. The choice of C 
is now limited to this curve, and we conclude that if VF at P is not zero, then 
VF, VSi, and VS: are each perpendicular to +. In either case we have at P, 
VF=XiVSi+A:VS2, assuming VS; and VS; are not zero at P. 


* See W. F. Osgood, Advanced Calculus, Macmillan, 1925, p. 180. - 
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ON THE CALCULATION OF BOND YIELDS 
H. D. Larsen, University of New Mexico 


An important problem in the mathematics of finance is that of determining 
the yield rate on a bond given its purchase price. Tables of bond values are pub- 
lished for yield rates proceeding by one twentieth of 1%, and simple interpola- 
tion in these tables furnishes an approximation to the yield which suffices for 
most purposes. When extensive tables of bond values are not at hand, recourse 
is made to annuity tables such as those generally found in textbooks on. the 
mathematics of finance. However, simple interpolation in the latter tables does 
not always give the accuracy desired. Many methods have been proposed to 
remedy this situation. In general, these methods depend on formulas of finite 
differences or on successive approximations, and involve considerable comput- 
ing. It is the purpose of this note to present a simple recursion formula for calcu- 
lating successive approximations to the yield of a bond. The accuracy of the 
formula is limited only by the accuracy of the logarithm tables used in its connec- 
tion, a five-place table supplemented by a seven-place table of log (1+7) being 
sufficient to give the yield rate to at least six places of decimals. 

Consider a bond redeemable at the end of periods (not necessarily at par), 
and carrying a dividend at the rate of g per period per unit of its redemption 
price. Let the bond be purchased at a premium k per unit on its redemption 
price, where || <1. The restriction on k is not serious, as it requires only that 
the purchase price of the bond be less than twice the redemption price, the usual 
situation in practice. If ¢ denotes the required yield rate per period, then 


(1) k= (g i)a, 


where 
a=ay at i. 


Solving (1) for i, we obtain | 

(2) i= g— 
Equation (2) suggests the recursion formula, 
(3) inti = — kon , 


where @» =d,) at im, and 4; is any convenient first approximation to 4. In order to 
prove that the successive approximations given by (3) actually converge to i, 
it suffices to show that 


lim | = lim | — = 0. 
mo 
From (2) and (3), 


(4) = ka Ge). 
If then 
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O<a at — (in t+ Sn at in) <i — 
since 
Similarly, if ¢<t,, 
In either case, 
whence, by (4), 
A successive application of (5) gives 
| enta| <| lal, 
so that, since | &| <1, 
lim | m1 | = 0. 
me 


The above discussion discloses the nature of the errors, €m. It is clear from (5) 
that every approximation is better than the preceding one, and that the rapidity 
of the convergence increases as | | decreases. Further, since a,,!—a~! has the 
same Sign aS im —t=€m, it follows from (4) that €m4: and € have like signs or 
opposite signs according as k<0 or k>0. Thus, if k <0, the successive approxi- 
mations are all too large or all too small; if k>0, the succcessive approximations 
are alternately too large and too small. It should be noted also that a mistake in 
any particular approximation does not vitiate the ultimate convergence of the 
subsequent approximations. The incorrect value merely becomes a new first 
approximation to 4. 

A first approximation to i may be obtained in a variety of ways. In the ex- 
ample below, %: is computed from the formula,* 


g—k/n 
1+ (n+1)k/2n- 


which is derived from (2) by expanding a~! in a power series and neglecting all 
terms above the first degree in 7. It is easy to show that the error 4 resulting 
from the use of (6) always has the same sign as k. Consequently, if k<0, then 
<0, 65<0, etc.; if R>O, then e.>0, €3>0, etc. 

As an example, let it be required to find the yield on a bond bearing interest 


(6) iy 


* Ralph Todhunter, Institute of Actuaries Text-Book, Part I. The Theory of Compound 
Interest and Annuities Certain, New Edition, revised. Charles and Edwin Layton, London, 1915, 
pp. 104-105. 


q ; 
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at 44 per cent, payable half-yearly, redeemable in 25 years at 1124, and bought 
at a price of 120. (Todhunter, p. 105.) Here, 

n = 50; g = 0.0225/112.5 = 0.02; k = 7.5/112.5 = 1/15. 


Hence, 
0.02 — 1/750 


~ + (51/100)(1/15) 
0.018053 
— (1.018053)-% 
is = 0.02 — (1/15)(0,030535) = 0.017964, 
0.017964 
= 0.030477, 
1 — (1.017964) 
is = 0.02 — (1/15)(0.030477) = 0.017968. 


The value of 7; agrees with the true yield rate to six places of decimals. 


ty = 0.018053, 


= 0.030535, 


AN IMPROPER INTEGRAL 
E. J. Camp, Macalester College 


In Osgood’s Advanced Calculus* the integral 
COS Mx 
f dx 
0 1 os x? 
appears on page 490 along with a suggested transformation for its evaluation. 
If one performs the transformation and then makes use of two other improper 
integrals which have been worked out on previous pages, the integral can be 
evaluated. The transformation is rather artificial and is not one that is sug- 
gested by a sequence of logical steps. The method of this paper will be to evalu- 
ate the above integral by the use of a second order differential equation. 
Let the function u(m, 8) be defined by the equation 
cos mx 


(1) u(m, B) dx, 


where 8 is regarded as constant. The derivativest of this function are 


du — xe? sin mx 

(2) %, 
dm 0 x? ob 1 
— cos mx 

(3) dx. 
1+ x? 


If equation (1) is subtracted from equation (3) the result is the equation 


* See W. F. Osgood, Advanced Calculus, Macmillan, 1925, p. 490. 
t The integrals 1, 2, and 3 are uniformly convergent and so the differentiation under the 
integral sign is justified. 
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(4) 


Solving equation (4) by the method of variation of parameters, we get 


If m is set equal to 0 in equation (5) the right member has the value c,+c. 
The same function in the form (1) has the value 


e 
dx 
0 x? + 1 
The right member of equation (2) has the value 0 when m=0. The derivative 


du/dm obtained from equation (5) is ¢:—¢s for m=0. These considerations lead 
to the equations 


c 
1 2 x, 


(6) 0, 
the solutions of which are 
(7) 


The problem is now solved except for evaluating the integrals in (7) and (5) 
for 8=0. The integrals in (7) have the value 7/4. 

The integrals in equation (5) which belong to the particular integral will 
now be evaluated. Thus if we set t=8r we have 


1 — Be-* 1 gh 
—enf it= emf dr 
2 2 0 1+ 7? 


and the limit of this integral for 8=0 is —}e"(x/2). Similarly 


1 


On substituting each of these values in equation (5) we have 


lim u(m, om — — em ’ 


It follows from the third footnote that where m is any real number, 


0 2 


1 + x? 
* If m is negative then the equation will be of the same form with m replaced by | m|. 
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CLUBS AND ALLIED ACTIVITIES 


EpITEpD By J. S. FRAME 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to J. S. Frame, Michigan State College, East 
Lansing, Michigan. 


CLUB REPORTS 1943-44 . 
Kappa Mu Epsilon, Kansas State Teachers College, Pittsburg 


The activities for the year consisted of six open meetings held at the homes 
of faculty members, two picnics, and two closed fraternity meetings. Twelve 
new members were initiated at the summer fraternity meeting and forty-six new 
members were initiated at the mid-year meeting. The programs of these meet- 
ings were followed by the initiation services. Attendance was greatly increased 
by the presence of a Navy V-12 unit on the campus. 

Included among the topics discussed at meetings were: 

The practical application of mathematics to engineering, by E. R. Sutterfield, 
draftsman at the Pittsburg-McNally Manufacturing Corporation 

The rehabilitation program at K. S. T. C., by Professor W. H. Matthews, Di- 
rector of Adult Education 

Types of non-euclidean geometry, by Professor R. G. Smith 

Recent discoveries in astronomy, by Professor J. A. G. Shirk 

Mathematics in the war, by Marie Cowley, Instructor of Physical Science 

Mathematics after the war, by Professor F. C. German. 

Student members of the club talked on the following topics: 

Mathematical prodigies 

Trisection of angles 

The history of mathematics from 600 B.C. to 200 B. C. 

The history of mathematics to the present day. 

Officers were: President Archimedes, Helen Kriegsman; Vice-President 
Plato, Mrs. Mildred Bradshaw; Secretary Lagrange, Mary Lou Ralston; Treas- 
urer Thales, Virginia Prussing; Corresponding Secretary, Professor W. H. Hill, 
K. S. T. C., Pittsburg, Kansas; and Sponsor, Professor J. A. G. Shirk. 


Mathematics Club, Brown University 


Monthly meetings were held at eight o’clock in the evening, and were followed 
by refreshments. Papers presented during the fall semester were as follows: 

Ancient number systems, with lantern slides, by Professor Otto Neugebauer, 
R. P. Breeding presiding 

The isograph—a mechanical root finder, with film and lantern ania by R. E,’ 
Jacobson, Jr., S. L. Ehrlich, presiding 

Skeleton division, by Anna Irene La Banca, and 

Practical applications of special mathematical curves, by Samuel Millman, 
Winifred O’Connell presiding 
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From March to May, 1944, the program included the foilowing talks: 

On some properties of a circle, by Professor J. D. Tamarkin, R. P. Breeding, 
presiding 

The cell of the honey bee, by Shirley Gallup, and 

The number pi, by M. E. Carlson; Frances Weeden presiding 

Arithmetical prodigies, by L. M. Pease, and 

The duodecimal system of numeration, by C. V. Harding, Jr., Alice Nancy 
Noyes presiding 

During the summer semester 1944, three papers were presented: 

_ Growth and mathematics, by Professor J. Walter Wilson of the Department of 
Biology, Shirley Gallup presiding 

Mathematical fallacies, by F. W. Suffa, and 

Map coloring problem, by A. B. Novikoff, C. V. Harding presiding. 

A club picture was taken after the April meeting, and picnics were scheduled 
for May 27 and September 9. The club was directed by a Committee on Pro- 
gram and Arrangements, consisting of a Faculty Representative: Professor R. C. 
Archibald; a Student Chairman: R. P. Breeding (until spring ’44), Shirley 
Marily Gallup (summer '44); and the following committee members: Barbara 
Cotter, Stanley Ehrlich, Shirley Gallup, Frances Weeden (until spring °44); 
and Leslie Carson, Stanley Ehrlich, Clifford Harding, Jr., Evelyn Lindsay (sum- 
mer ’44), 


Kappa Mu Epsilon, Texas Technological College, Lubbock 


A membership of fifty-eight active members, including twenty-nine new ini- 
tiates, held regular meetings on the second Thursday of each month. At the first 
meeting, the local officers discussed the mathematicians whom they represented: 

Lobatchevsky, by Virginia Bowman, president 

Agnest, by Brac Biggers, vice-president 

Noether, Cayley, by Betty Grace Pugh, secretary-treasurer 

Descartes, by Lida B. May, corresponding secretary. 

Initiations, followed by refreshments were held in November. The December 
meeting at the home of Dr. and Mrs. F. W. Sparks, was a Christmas party, 
including games, puzzles, card tricks, refreshments, and Christmas carols. A 
very successful talk was presented at the February meeting, entitled 

The sun, our source of light and energy, by Donald Robbins. 

The spring initiation banquet was held at Cheri Casa. Projects for the year 
included the sending of Christmas cards to former members now in the armed 
service, and to past presidents of the chapter; and the purchase of War Savings 
Stamps and a twenty-five dollar War Bond. Plans have been initiated for mak- 
ing an annual award to the outstanding freshman in mathematics. Officers 
elected for 1944-45 are: President, Betty Grace Pugh; Vice-President, Tom 
Hassell; Secretary, Beverly Price; Treasurer, Betty Jane Morris; Corresponding 
Secretary, Lida B. May; Sponsor, Dr. D. L. Webb. 
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Mathematics Club, University of Dayton 


Weekly meetings were held during the summer 1943, and semimonthly meet- 
ings during the next three terms, at which members presented papers. At the 
last meeting of each term the Dean of Science Award was presented to the stu- 
dent who delivered the most interesting paper before the Club. The awards 
were copies of the following books: Men of Mathematics by E. T. Bell (summer 
and fall 1943); What is Mathematics? by Courant and Robbins (winter 1944); 
Isaac Newton—a Biography, by L. T. More (summer 1944). The Mathematics 
Club Alumni Awards for Excellence in Advanced Mathematics were conferred at 
the December commencement upon Richard O’Brien (a junior), and at the sum- 
mer commencement upon Lloyd Weeks (a senior) and Dennis Griffin (a junior). 

Student papers during the summer term 1943, were: 

The life of Leonard Euler, by William Fitzgibbons 

The life of Sir Isaac Newton, by William McHugh 

The nine point circle theorem, by Godfrey Kampner 

Duodecimal arithmetic, by Allan Braun, prize winner 

The history of the Mathematics Club, by Patrick Murphy, given as the vice- 
president’s charge to the ten new members at the formal ceremony. 

At the final meeting an alumnus of the club, Mr. Jack Homan, spoke on 

The theory of mechanical vibration. 

Student papers during the fall term 1943 were: 

Non-euclidean geometries, by Richard Welsh, prize winner 

Mathematics and biology, by Edward Buescher 

The origin and history of pi, by Robert Reef 

Three classical problems of Greek antiquity, by Margaret Magin 

The nature and importance of zero, by Dennis Griffin. 

Two faculty talks were presented during the fall as follows: 

The nature and history of the mathematical tripos, by Dr. K. C. Schraut 

The aims of education and research in mathematics, by Professor J. L. Synge 
of Ohio State University. 

Student papers during the winter term 1944 were: 

The algebra of sets, by Dennis Griffin as 

The theory of groups, by Edward Buescher ™ 

Curves, by George Igel 

The graphical solution of algebraic problems, by Edward Freeh 

Mathematical recreations, by David Tom 

The Mathematics Club,. past, present, and future, by James Schuler, prize 
winner, given as the vice-president’s charge to the eleven new initiates, and sub- 
sequently published in the University’s literary magazine, the Exponent. 

Two faculty talks were presented during the spring as follows: 

Caustic curves, by Professor K. C. Schraut 

Geometrography, by Professor W. J. Bellmer. 

Student papers during the summer term 1944 were: 
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The application of vectors to the proof of plane geometry theorems, by David 
Timmer 

The real number system, by Dennis Griffin, prize winner 

The theory of matrices, by Lloyd Weeks 

The history of numerals, by Allan Braun 

The future of the mathematics club, by George Igel, given as the charge to 
eleven new members at the formal initiation ceremony. 

Two faculty papers were: 

Gombert’s curve, by Mr. C. G. Peckham 

The theory of numbers, by Professor I. A. Barnett of the University of Cin- 
cinnati. 

Social events of the year were a camp supper at Hills and Dales Park during 
the fall term, a banquet at Wishing Well Inn during the winter term, and a sum- 
mer picnic at Madden Park. 

Officers of the club during the several terms were the following: Presidents: 
William Fitzgibbons (S’43), William McHugh (F’43), David Tom (W’44), 
George Igel (S’44); Vice-Presidents: Patrick Murphy (S, F’43), Richard Welsh 
(F’43), James Schuler (W’44), Allen Braun (S’44); Secretary-Treasurers: Ed- 
ward Buescher (S, F’43), Allan Braun (W’44, Sec’y S’44), Kenneth Trimbach 
(Treas. S’44). Professor K. C. Schraut was Faculty Adviser. 


Pi Mu Epsilon, Northwestern University 


At the Mathematics Festival, a whole day devoted to mathematics, the IIli- 
nois Beta Chapter of Pi Mu Epsilon was installed at Northwestern University 
on May 20, 1944. The Mathematics Club which had been active at Northwestern 
University for many years served as the nucleus for the honorary group. Several 
hundred people helped celebrate this installation at the Mathematics Festival 
and heard distinguished guest speakers. The banquet culminated the day’s 
activities and included the initiation of 70 charter members, 15 of whom are 
faculty members, as well as the presentation of the charter by Professor Tom- 
linson Fort of Lehigh University, Director-General of Pi Mu Epsilon. Papers 
presented during the day’s program were: 

Adventure vs. mathematics, by Professor E. R. Smith, Iowa State College 

The concept of area in plane geometry, by Professor C. C. MacDuffee, Uni- 
versity of Wisconsin 

Alignment charts and projective geometry, by Professor L. R. Ford, Illinois 
Institute of Technology : 

Stirling's numbers and Taylor's formula, by Professor Tomlinson Fort, Le- 
high University 

Demonstration and heuristic reasoning in mathematics, by Professor L. M. 
Graves, University of Chicago. 

Among the papers presented to the Club during 1943 were 

The mathematical theory of utility, by Professor H. T. Davis 

The analytic theory of continued fractions, by Professor H. S. Wall 
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Geographic maps and their scales, by Professor D. R. Curtiss 

Systems of linear differential equations, by Dean Walter Bartky 

Some interesting facts about integers, by Professor L. W. Griffiths. 

Papers presented to the Chapter at meetings in the summer of 1944, sched- 
uled to fit in with the accelerated programs of both the civilian students and 
Navy V-12 alike, were: 

Pi by chance, by Dr. Elliot Buell 

The dynamics of the solar system, by Professor Olive« Lee 

Alexandria, home of mathematics, by Professor H. T. Davis. 

Officers for 1943 were: President, Frank Morehouse; Vice-President, James 
Murrin; Secretary-Treasurer, Beth Henry; Social Chairman, Alice Christiansen; 
Assistant Social Chairman, Marilyn Arms; Faculty Adviser, H. A. Simmons. 
Officers for 1944—45 are: President, Isabel Emma Barrett; Vice-President, John 
Pederson; Secretary, Elizabeth McDonald; Treasurer, Paul Axt; Social Chair- 
man, Priscilla Mae Williams. Correspondence should be addressed to Professor 
E. H. C. Hildebrandt. 


Mathematics Club, University of Buffalo 


Three double-feature meetings were held in each semester, at which the fol- 
lowing programs were presented: 

The nine point circle, by Marjorie Easterbrook, and 

The theory of relativity, by Anatole Shapiro. 

The value and uses of the slide rule, by Judy Ullmann, and 

Some mathematical puzzles, presented for the students to work, by Lois Oben- 
auer. 

Locks, by Jessie Brown and Joanne Yunker, featured by a display of present 
day locks, and slides of old time locks; and 

A Chinese mystery, presented for the audience to solve, by John Euller. 

At the February meeting guest speakers were the following former students 
who described how their background in mathematics had helped them in their 
work: Ruth Euller Heintz, a Spencer Lens worker; Virginia McCausland, a 
Curtiss Cadet; and Joan Searles, a teacher. 

The cloudchamber, a paper by John Euller, was followed at the March meet- 
ing by some tricky mathematics problems, presented by Phyllis Valentine and 
Jane Noller. 

How maps are made, was presented jointly by Audrey Strabel and Richard 
Salemi at the final April meeting, to which students of various high schools were 
invited. A discussion followed the lecture. 

Social events sponsored by the Club during the year were a bowling party 
(at which scores ranged from 50 to 150); and a scavenger hunt held at the home 
of Dr. Gehman, at which the prize-winning team consisted of John Euller, Jane 
Noller, Marie Alessi, and Mary Jane Gill. 

Officers were: President, Bernice Cohen; Vice-President, John Euller; Secre- 
tary-Treasurer, Jane Noller. 
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TWO RECTANGLES IN A QUARTER-CIRCLE 
B. M. Stewart, Michigan State College 


1. The problem. Consider the rectangle A, bounded by x=0, x=cos a, y=0, 
y=sin a, and of area A =cos a sin a; and the rectangle B, bounded by x=0, 
x=cos b, y=sin a, y=sin b, and of area B=cos b (sin b—sin a); the angles, a 
and b, being subject to the restriction 0<a<b<90°. (See Figure 1.) The prob- 


lem is to maximize the function z=A+B, subject to the auxiliary condition 
A=B. 


2. The interest of the problem. A substitution shows z=2A =sin 2a, so that 
at first sight the solution seems to be a=45°, but the restriction on the com- 
panion angle b>—which must also be in the first quadrant—makes this solution 
not acceptable. Here then is a situation of interest to students of the calculus, 
for the ordinary method of finding a maximum has failed because of a restriction 
on the range of the variable. 


3. The source of the problem. Furthermore, the restriction is not artificial, 
for this problem arises in electrical engineering in the design of a winding-core 
with the figure described above representing one-fourth of the total cross sec- 
tion. (See Figure 2.) 


4. General methods of solution. The student with broad interests will want 
to investigate the general methods for solving problems of the type here en- 
countered—namely, to maximize the function z=f(a, b) subject to the auxiliary 
condition g(a, 6) =0. These general methods are presented in advanced calculus 
texts under the topics of partial differentiation, or differential geometry, or 
Lagrange’s method of multipliers. Even with these methods caution must be 
used if there are restrictions imposed on the range of the variables. 


5. A solution by elementary calculus. But this problem is of a special char- 
acter. It is clear from the figure that if angle a is between 45° and 90°, then area 
B cannot be as great as area A. Since the function z=sin 2a is increasing for 
0 <a<45°, the problem is to find the greatest a in the range 0<a <45° for which 
the equation A =B has a solution b satisfying 0<a<b<90°. Conceivably this 
may be solved by treating the relation A =B as in elementary calculus for a 
maximum of a—namely, by setting da/db=0. The following equations are ob- 
tained: 


(1) A=B; cos a sin a = cos b sin b — cos b sin a; 


(2) da/db = 0; cos? 6 — sin? 6 + sin asin 6 = 0. 


By squaring and by using simple trigonometric identities it is possible to elimi- 
nate b from equations (1) and (2) and to obtain the following equation in which 
Q=sin’ a: 


(3) (Q — 1)(15Q* + 39? + 10Q — 1) = 0. 
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From equation (3) one and only one vaiue of a, with an acceptable companion }, 
can be obtained. The approximate solution of the problem is as follows: 


a = 18° 2’ 27", -b = §2° 4’ 10”. 


The meaning of this solution is clarified by constructing the graph of the 
relation A =B (see Figure 3), a task which is much simplified by noticing the 
symmetry in the points (0, 0) and (90°, 90°) and the symmetry in the line 
b=a+90°. 


6. Another solution by elementary calculus. The following method is indi- 
rect, yet worthy of a brief description. For each fixed choice of angle a there 
can be found by solving dB/db=0 just one value of b such that 0<a<b<90° 
and such that B has a maximum value, say M(a), so designated because it de- 
pends upon a. It is evident from the figure that for small values of a the value 
of M(a) exceeds A, hence it is possible to solve the equation A = B; whereas for 
large values of a the value of M(a) is less than A, hence it is impossible to solve 
A=B. The equation M(a)=A determines the boundary between these cases 
and determines the largest value of a for which the equation A = B has a solution 
with acceptable values of a and b. The equation M(a) =A is equivalent to equa- 
tion (3). Since the solution a=18° 2’ 27” is in the range 0<a<45° where z is 
increasing, this maximum a serves to maximize z under the auxiliary condition 
A=B. 


7. A solution without calculus. The maximum a with a companion b satisfy- 
-ing A=B and 0<a<b<90° may also be determined by using the theory of 
equations. 

Consider the rectangles in the figure. For small angles a there are two choices 
of b such that A =B. For large angles a there are no choices of b. Between these 
cases is a certain angle a for which there is one choice of 6. This situation may 
be studied algebraically by replacing the equation (1) after some rearrangement, 
squaring, and use of identities by the following equation which may be described 
as a reduced quartic in the variable cos b with coefficients involving cos a: 

(4) cost b — cos* a cos* b + 2(cos a — cos? a) cos b + (cos? a — cos‘ a) = 0. 
First, Descartes’ rule of signs shows there are two or no real positive roots, con- 
firming the geometric intuition used above. Secondly, the inbetween case of two 
real and positive but identical roots can be determined by the vanishing of the 
discriminant of the quartic. The computation of the discriminant for equation 
(4) is not an easy matter, but after considerable simplification the discriminant 
may be written in the following way with P =cos? a: 

— 16P?(P — 1)(15P* — 48P? + 61P — 27). 


Under the substitution P=cos? a=1—sin? a=1—Q the discriminant takes the 
form which follows: 


— 16Q(1 — Q)*(150* + 39? + 100 — 1). 
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Setting the discriminant equal to zero leads to but one acceptable solution, in 
agreement with that obtained from equation (3). 


8. A trigonometric oddity. In the equation A = B one of the two solutions 
for b, when a =18°, is b=54°, exactly! The proof of this fact is an interesting | 
exercise in trigonometry. The second solution of A = B, when a= 18°, is given by 
b=50° 7’, approximately. 
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PROBLEMS AND SOLUTIONS 


ELEMENTARY PROBLEMS 
EpITED By OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. CoxETER 


Send all communications concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 24 Strathearn Boulevard, Toronto 10, Canada. 

The department of Elementary Problems welcomes problems believed to be new, and 
demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 656. Proposed by S. H. Gould, National Research Council, Ottawa 


Each member of a very large office-staff agrees to buy a fifty-dollar war bond. 
One of the members suggests that each bond, instead of being given to its pur- 
chaser, be disposed of by lot. He wishes to wager one dollar that he himself will 
suffer loss through his own suggestion. How much should be wagered against 
him? 

E 657. Proposed by Victor Thébault, Tennie, Sarthe, France 

Determine the locus of centers of spheres passing through two given points 
and touching a given sphere. 

E 658. Proposed by Norman Anning, University of Michigan 

Find three three-digit numbers in geometrical progression which can be de- 
rived from one another by cyclic permutation of digits. 

E 659. Proposed by R. A. Staal, University of Toronto 


Show that, if one conic is self-reciprocal with respect to another, then the 
two conics belong to a symmetrical set of four, each of which is self-reciprocal 
with respect to any of the other three. (However, not more than three of the 
four conics can be real.) 


E 660. Proposed by C. D. Olds, Purdue University 


Let 20, 21, °°, % be k+1 different complex numbers, all contained in the 
circle |z| Sr. Let 


2 k-1 ktp 
Zo 80° Zo 
1 
Bip = 
2 k--1 k+p 
1 fe 
Prove that 
Bio 
95 


| 
| 
| 


96 PROBLEMS AND SOLUTIONS [February, 


SOLUTIONS 
Sums of Products of Digits 
E 622 [1944, 285]. Proposed by V. Thébault, Tenne, Sarthe, France 
Find the smallest four-digit number such that the sum of products of pairs 
of digits is equal to the sum of products of sets of three. 


Solution by Frank Hawthorne, New Rochelle, N. Y. Trying a=1 in the equa- 
tion ab+ac+ad+bc+bd+cd =abc+abd +acd+ bed, we obtain 


b+c+d = bed. 


If we exclude the trivial case b=c=d=0, the smallest solution is 1, 2, 3, giving 
the desired number 1123. 

Also solved by Murray Barbour, D. H. Browne, W. E. Buker, H. N. Carle- 
ton, M. I. Chernofsky, E. D. Schell, E. P. Starke, W. R. Talbot, Hazel Schoon- 
maker Wilson, and the proposer. Mrs. Wilson remarks that, if duplicate digits 
are not allowed, the number is 2036. 


Homothetic Tetrahedra and Coaxal Spheres 


E 623 [1944, 285]. Proposed by N. A. Court, University of Oklahoma 

The circumsphere of a tetrahedron ABCD meets four “cevians” LA, LB, LC, 
LD in the points A’, B’, C’, D’; A"’B’’C'’D"” is a tetrahedron homothetic to the 
tetrahedron A’B’C’D’ with respect to the point L. If P and Q are two points 
in space, show that the four spheres AA’’PQ, BB’’PQ, CC’’PQ, DD’’PQ are 
coaxal. 

Solution by the Proposer. We have 

LA-LA' = LB-LB' = LC-LC' = LD-LD’ = >, 

where p is the power of the point L for the sphere ABCD. Again, we have 

LA" = kRLA’, LB’ = kLB’, LC” =kIC’, LD" = kLD’, 
where k is the value of the homothetic ratio. Hence 

LA-LA" = LB-LB" = LC-LC" = LD-LD” = pk. 
Thus the point LZ has equal powers with respect to the four spheres AA’’PQ, 
BB" PQ, CC’’PQ, DD'’PQ, and is the radical plane of any two of these 
four spheres. This proves the proposition. 
A Property of Subfactorials 
E 624 [1944, 285]. Proposed by D. H. Browne, Buffalo, N. Y. 
Show that the integer nearest to n!/e is a multiple of n—1. 


Solution by Irving Kaplansky, Columbia University. The error made in stop- 
ping the expansion of e~! with the term (—1)*/n! is less than 1/(m+1)!. Hence 
the integer nearest to n!/e is 
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P + ( A*0! 
1! 2! n! 


the well known solution of the Probléme des Rencontres. The divisibility property 
in question can be verified as follows: 
P, = + (— 1)* = (n — 1)Pr1 + (- 1)* 
= (9 — + — + (— + (— 1)* 
= (nm — 1)(Pa_-1 + 
Also solved by Murray Barbour, J. B. Kelly, L. M. Kelly, Norman Miller, 
E. D. Schell, E. P. Starke, and the proposer. 
An Extension of E 481 
E 625 [1944, 285]. Proposed by C. A. B. Smith, Trinity College, Cambridge, 
England 


Let X;, Yi, Z; be the cofactors of x;, y;, 2; in the general third-order determi- 
nant 
1 


22) = D. 


% Ys 
Prove that 
232;| = — D?| Y3¥1 321 |. 
X1X2 YiY2 2122 


Solution by C. V. L. Smith, P. G. School, U. S. Naval Academy. Multiplying 
the respective rows of the determinant 
2223 
%1%2 
by %1, 2, x3, and then subtracting the first row from the second and third, we 
find that it is equal to 


By a well-known result on determinants (see, e.g., Bocher, Introduction to Higher 
Algebra, p. 33, Cor. 1), the cofactors of the terms of the adjoint of D are equal 
to the corresponding terms of D multiplied by the value of D. Hence from the 
result already obtained it follows that 


1 


X1X2X3 


| 
| 
| 


98 PROBLEMS AND SOLUTIONS [February, 


X2X3 223 
XsX1 Vs¥i 2321 | = DV — 


X1X_ AN 
283 


= — D*| |. 


%1X%2 2122 


Also solved by A. R. Stokes. 
The Position of a Ship 


E 626 [1944, 347]. Proposed by W. E. Buker, Perry High School, Pittsburgh 

A ship at sea attempts to determine its position by plotting lines of position 
through observation of three stars. Due to inaccuracy of observation, these lines 
are not concurrent but form a triangle. What is the most probable position of 
the ship, assuming (a) that the errors are due to defective instruments and are 
of the same kind, (b) that the errors are due to inaccurate observation and may 
not all be of the same kind? 


Solution by R. H. Wilson, Jr., U. S. Naval Academy. The three lines of posi- 
tion represent the observed bearings of three objects whose positions, with refer- 
ence to the coordinates of the chart, are known. (Such definition would then in- 
clude landmarks as well as stars; but we shall assume that, as in the case of stars, 
parallactic differences are negligible.) Consider the probable bearing of the ship 
as viewed from these exterior points. It must lie toward the interior of the tri- 
angle as viewed from at least two of the points, if the angular value of the correc- 
tion is to be arithmetically equal for all three. This requires that at least two 
errors must be of the “same kind.” 

(a) When all three errors are of the same kind, the true position must lie 
within the triangle, at such a point that the angular corrections are equal. Thus 
the most probable position of the ship is a point equidistant from the three sides 
of the triangle, namely the éncenter. 

(b) When the error in any one bearing may be of the opposite kind, the 
most probable position will be a point toward the exterior of the triangle as 
viewed from the object on which the error of the opposite kind was made. Again 
assuming equality of absolute values of all errors, the probable point will be an 
excenter, viz., the center of the escribed circle exterior to the side on which this 
error of the opposite kind was made. Assuming equal probability for an error of 
the opposite kind on any one of the three bearings or on none at all, the three 
excenters and the incenter are positions of equal weight. The most probable posi- 
tion of the ship is then the mean position of these four points. 

The resulting probable position is, in many cases, surprisingly far from the 
incenter (the point usually assumed by navigators), especially when one angle is 
obtuse. However, practical navigation will include simultaneously both condi- 

tions (a) and (b); so the position of the incenter should be weighted more 
’ heavily. This discrepancy partly explains the navigators’ traditional” prejudice 
in favor of an equilateral triangle. 
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Also solved by R. A. Rosenbaum, who remarks that a complete discussion is 
contained in an article entitled “Accurate Determination of the Position at Sea,” 
in the Hydrographic Review for Nov., 1931. 


An Enneagon 
E 627 [1944, 347]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Construct an enneagon, given the centers of exterior squares described on the 
sides. 


Solution by Robert Steinberg, University of Toronto. Suppose the nine given 
centers are Agi, Ais, - - + , Ago. Then we will have solved the problem when we 
have found one vertex, Ao, of the enneagon Ao A; - - - Ag. Start with an arbi- 
trary point Pp in the plane; join it to Ao and mark off Ao. Pi =AoiPo on the per- 
pendicular to Ag: Po at Am, so that {PoAoP; is one right angle in the positive 
sense. Next, join P; to Ai: and mark off Ai:P2=A12P; on the perpendicular to 
Ai2P; at Ai, so that XP;Ai2P2 is one right angle. Continuing in this way, we 
get a sequence of points Po, Pi, - - - , Ps, Py=P’ (say). If P’ coincides with Po, 
we have finished, and PoP; - - - Ps is the required enneagon. If not, let Qo be a 
point different from Po. Going through the same construction as before, we get 
a sequence of points Qo, Q:, - ++, Qs, Q’. If we can determine Qo so that Q’ co- 
incides with Qo, then this will be our required vertex. 

Now, let us regard PoQo, PiQ:, - - - , P’ Q’ as different positions of a directed 
segment PQ, and let us see what happens to this segment in moving from PoQo 
to P,Q, and so on. Since A o:PoQo and AmP1:Q; are congruent triangles, we have 
PiQi:=P Qo. Also X(PoQo, P11) is a positive right angle. Thus, in going from 
PoQo to PiQ;, PQ has remained the same in length and has turned through one 
right angle. Hence, in going from PoQ» to PsQ» or P’Q’, PQ remains the same in 
length and is turned through nine right angles, or effectively one right angle. 
If Q’=Qo, we must have PoQo=P’Qo, and XPoQoP’ equal to one right angle. 
This determines Qo=Ao uniquely as the third vertex of one of the isosceles right- 
angled triangles standing on PoP’ as hypotenuse, namely the one for which 
XPoAoP’ is a positive right angle. 

We can extend this solution to the general case of an m-gon; but we have to 
distinguish four cases, depending on the residue of modulo 4. The above solu- 
tion typifies the case when n=1 (mod 4). If n=3 (mod 4), PQ will be turned 
through an angle congruent to three right angles, and the vertex Ap will be 
uniquely determined as the third vertex of the other isosceles right-angled tri- 
angle standing on P)P’ as hypotenuse, namely the one for which { PoAoP” is a 
negative right angle. If m=2 (mod 4), PQ will be turned through an angle con- 
gruent to two right angles, i.e., reversed in direction, and the vertex Ao will be 
uniquely determined as the midpoint of PoP’. Finally, if »=0 (mod 4), PQ will 
undergo several complete turns, making P’Q’ parallel and equal to PoQo. Then 
Q’=Q, if and only if P’=P,); so we have either no solution or else an infinite 
number of solutions (with A» an arbitrary point in the plane). To sum up, the 
solution is unique or poristic according as » #0 or n=0 (mod 4). 
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Our construction can readily be extended to solve the more general problem 
of constructing a polygon AoA1--~-An-1 such that the triangles AoAA1, 
++, shall be similar to m given triangles, where Ani, Aw, aren 
given points. A particular case of this more general problem is mentioned in the 
Editorial Note to 4076 [1944, 411]. 

Also solved by Howard Eves, J. B. Kelly, Joseph Rosenbaum, and the pro- 

ser. 
A Highly Composite Number 

E 628 [1944, 348]. Proposed by W. C. Rufus, Observatory of the University of 
Michigan 

Find the smallest positive integer, one-half of which is a square, one-third 
of which is a cube, and one-fifth of which is a fifth power. 


Solution by C. B. Barker, Jr., University of New Mexico. Clearly, the desired 
number is of the form N = 27395". 

Since N/2 is a square, q=r=0 (mod 2) and p=1 (mod 2). 

Since N/3 is a cube, p=r=0 (mod 3) and g=1 (mod 3). 

Since N/5 is a fifth power, p=q=0 (mod 5) and r=1 (mod 5). 

The smallest values of p, g, r satisfying these conditions are 


p=15, g=10, r=6. 
So the smallest value of N is 
N = 21831956 = 30,233,088,000,000. 


Also solved by Murray Barbour, Shepard Bartnoff, H. W. Becker, R. G. 
Blake, Colin Blyth, D. H. Browne, W. E. Buker, L. H. Bunyan, H. N. Carleton, 
F. M. Carpenter, Olive E. Cory, J. S. Cromelin, Monte Dernham, C. W. Em- 
mons, Howard Eves, Daniel Finkel, Clifford Gardner, George Grossman, R. W. 
Hamming, Frank Hawthorne, Irving Kaplansky, Norbert Kaufman, J. B. 
Kelly, R. T. Luginbuhl, G. W. Petrie, E. D. Schell, E. P. Starke, W. R. Talbot, 
Hazel Schoonmaker Wilson, R. H. Wilson, Jr., H. J. Zimmerberg, and the pro- 
poser. Kaplansky remarks that, if it is further required that one-seventh of NV 
be a seventh power, then the smallest value of N is 

a number with 255 digits. 


A Finite Series 


E 629 [1944, 348]. Proposed by H. S. M. Coxeter, University of Toronto 
Sum the series 


(n/2] 
r=0 r 
Solution by G. W. Petrie, USNR Midshipmen's School, Notre Dame, Ind. 
Let the sum of the given series be S,. Since 
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n—-r—1 n—-r—1 
r r r—1 
we find 
(1) Sa = — 


This may be simplified by the substitution S,= U,/2*, which gives 
Us 2U,-1 = 


whence 
Un — = — Ung = +++ = U1 — Uo = 28, —-So=2-—1=1, 
U, — 2, 
U,=n+1, 


Sa = (nm + 1)/2". 


Also solved by H. W. Becker, C. S. Gardner, Irving Kaplansky, J. B. Kelly, 
Norman Miller, and M. Wyman. D. H. Browne remarks that, for the series 
with 1 instead of —}, (1) becomes 


Se = + Sn-2} 


[n/2] 

r= r 
for Fibonacci numbers. 


Editorial Note. In terms of U,(x), the Tschebyscheff polynomial of the sec- 
ond kind, we have 


hence the expression 


2*S, = U,(1) = n+ 1. 


This problem occurs as “Ex. I” in Lucas, Théorie des Nombres, vol. 1 (Paris, 
1891), p. 464. It can be derived from Bernoulli’s expansion 


sin 
by making 6 tend to zero. Bernoulli’s expansion itself may be verified by means 
of the recurrence formula 
Ws = 2 cos 


or obtained directly by equating coefficients of ¢* in 


cos © (2t cos — #*)* 


and then differentiating with respect to @. 


| i 
2 
7 
. 


102 PROBLEMS AND SOLUTIONS [February, 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Wash- 
ington University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing 
and with margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are es- 
pecially sought. The editorial! work would be greatly facilitated, if, on sending in prob- 
lems, proposers would also enclose any solutions or information that will assist the editors 
in checking the statements. In general, problems in well known textbooks or results found 
in readily accessible sources, will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the 
Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 


4148. Proposed by B. M. Stewart, Michigan State College 


A variation of the game of Solitaire is this game of the Red Cross, which is 
played with checkers on a field of squares arranged in six rows and five columns. 
During the play there can be at most one piece on a square, and at the outset one 
square is free so that the play, which consists of a series of jumps, may begin. 
A jump may be made if in three consecutive squares A, B, C of any row or col- 
umn there are pieces on A and B while C is free. The jump is moving the piece 
on A over B to C and removing the piece on B from the play. Jumps along the 
diagonals of the field are forbidden. The object of the play is to remove all the 
pieces from the field except five, which are to be left in the form of the Red 
Cross, as in figure 1. 

By the known theory for Solitaire (for example, see this MONTHLY, April, 
1941, p. 228) a necessary condition is that the initially empty square be either as 
in figure 2 or 3. Show that in each of these cases a solution is possible. 


00000 00000 
x000x 00x00 00000 
xxOxx 00000 00000 
00000 00000 
00000 00x00 
Figure 1 - Figure 2 Figure 3 


4149. Proposed by N. A. Court, University of Oklahoma 

The powers of the vertices of a tetrahedron (TJ) with respect to the spheres 
determined by the centroid of (T) and the circles of intersection of the respec- 
tively opposite faces of (JT) with a sphere (L), of arbitrary radius, concentric 
with the circumsphere of (7), are equal. 


4150. Proposed by V. Thébault, Tenne, Sarthe, France 

In a tetrahedron ABCD with the orthocenter H, the perpendiculars at A to 
the faces ACD, ABD, ABC meet respectively the planes HCD, HBD, HBC in 
(Ai, As, As), and similarly forthe points (B;, Bs, B;) etc. Show that the planes 
AiA2As3, B,B2Bs, etc., are perpendicular to the medians of ABCD. 
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SOLUTIONS 


A Special Triangle Transversal 
4102 [1943, 638]. Proposed by Hiiseyin Demir, Columbia University 


Let O and I be respectively the circumcenter and incenter of a given tri- 
angle ABC. Let Ao, Bo, Co be points taken respectively on BC, CA, AB so that 
the sums of the algebraic distances of each point to two other sides are equal to 
a given length /. Prove synthetically that: (1) The points Ao, Bo, Co are collinear; 
(2) The sum of distances to the sides of ABC of points on A BoC is the con- 
stant J; (3) the line AoBoCo is perpendicular to the line OJ. 

Solution by the Proposer. (1) The locus of points whose sum of distances to 
the sides CA, AB is I, is a straight line passing through Ao, and perpendicular 
to AI. Let B., Cy be points where this locus cuts CA, AB. Similarly we consider 
two other loci corresponding to Bo, Co. Let A’B’C’ be the triangle formed by 
these three loci. We shall prove that the last triangle is in perspective with ABC, 
I being the center of perspective. This is obvious, because since A’ is the inter- 
section of two loci, its distances to CA, AB are equal, that is, A’ belongs to ATI. 
Similarly B’, C’ belong respectively to BI, CI. Thus applying Desargue’s the- 
orem we have collinearity of Ao, Bo, Co. 

(2) Let M bea point of AoBoCy with x, y, 2 its distances to BC, CA, AB. We 
shall prove that x+y+z=/. Consider the locus of points with y+2z=Cst. This 
locus MQ (see figure) is parallel to B.C,, and QQi=y+z. Now, Cs, As having 
equal distances / to CA (see (1)) what we have to prove is that QQ.:=x. Draw 
MP parallel to BC, then x= MX =PP,. Since A’A, is the bisector of ApAsCs, 
we have x= PP,=PP,. It remains to prove that QP||C,As. This is true because 
the two triangles QMP, C,AoA, have two sides parallel, namely QM, CsA and 
MP, AoA, and they are in perspective, with Co as center of perspective. There- 
fore their third sides QP, C,A, must be parallel, that is x = PP;=QQz. 

(3) We shall prove two things: (a)—AoBoC» is the radical axis of circles 
(ABC) and (A’B’C’). (b)—The center O’ of (A’B’C’) lies on OI, thus property 
(2) will be proved. 

(a)—For, observe the relation C,A-C,B=C,A’:C,B’. This is true be- 
cause the quadrilateral ABB’A’ is cyclic. (Note the equality of angles 
A,B'B=A'AB=}A). Thus Cy has equal powers with respect to the two circles. 
A similar property holds for Ao, Bo. 

(b)—To prove that O’ belongs to OJ we shall remark that the locus of O’ 
is a straight line when A’B’C’, whose sides are perpendicular to AI, BI, CI, 
varies, and since A’B’C’ is always in perspective with ABC, with J the center 
of perspective, O’ will describe a straight line passing through J. It also passes 
through O. For, let A’ be taken at the point where AJ meets the circle (ABC). 
It is easy to see that B’, C’ will be similar points on the same circle. Thus O’, 
the center of (A’B’C’), coincides with O, the center of (ABC). Therefore the 
radical axis AoBoCy of (ABC) and (A’B’C’) is perpendicular to the line OJ 
passing through the centers O and O’. 

Editorial Note. The first two theorems follow from similar triangles. The 
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case of an isosceles ABC may be discarded. For, if say the sides AB, AC have 
equal lengths, then in consequence of symmetry about AI the same is true for 
AB», ACo, Bo and Co being respectively on AC and AB. It then follows that 
BoC> is perpendicular to OJ; the converse is true as well as parts (1) and (2), 
but Ao has an exceptional position. The points Ao, Bo, Co are uniquely deter- 
mined by the given constant J. The distances x,, ys, % for Bo are such that 
y=0, x»+2,=1, etc. Let P be a point on the straight line of CoBo and let it 
divide this segment in the ratio \:1. Then we have 


(A+ 1)z = ry, 
where x, y, 2 are the distances for P. By addition we have 
A+ +2) = + ye) + + %) = A+ 1); 


and, if P is a finite point x+-y+z=/. The straight line C)Bo meets BC in a finite 
point for which x,=0 and y.+2,=/; hence this point is Ao. The two straight 
lines AoBoCy for different values of / are parallel; for, if they meet in a finite 
point, this point would have the sum of its distances equal to two different 
values. If P is a point not on BoC» the line through it parallel to the latter 
meets the two sides in points different from By and Cy. Hence the sum of its 
distances must be different from /; and this proves that the locus of points for 
a given / is the straight line ApBoCy for that value of I. 

In the special case where A’B’C’ is inscribed in (O) the polar of Cy passes 
through (AA’, BB’) =I, similarly, the polar of By passes through J. Hence the 
polar BoC> of I is perpendicular to OI. 
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Bo 
\ 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news 
items to B. W. Jones, White Hall, Cornell University, Ithaca, New York. 


Dr. E. G. Begle of Yale University has been promoted to an assistant pro- 
fessorship. 


Assistant Professor H. R. Branson of Howard University has been promoted 
to an associate professorship. 


Associate Professor W.H. Brothers of Talladega College, Talladega, Alabama, 
has been promoted to a professorship. 


J. O. Brown of Hampton Institute, Hampton, Virginia, has been promoted 
to an assistant professorship of physics. 


Assistant Professor R. E. Byrne and Associate Professor A. E. Taylor of the 
University of California, Los Angeles, have been granted leaves of absence, the 
former for war research work and the latter to serve as operational research con- 
sultant with the Army Air Forces in England. 


Dr. E. W. Cannon of the University of Delaware has been granted leave of 
absence for military service with the rank of Lieutenant Commander at Phila- 
delphia Navy Yard. 


Sister M. Loyola Conlan of the College of Mt. St. Vincent, New York City, 
has been promoted to a professorship and the acting chairmanship of the de- 
partment. 


Associate Professor C. M. Cramlet of the University of Washington has been 
granted leave of absence to serve with the Twenty-first Bomber Command oper- 
ating in the Pacific. 


Professor A. R. Crathorne of the University of Illinois has retired with the 
title professor emeritus. 


R. E. Fullerton of Yale University has been appointed to an assistant pro- 
fessorship at the University of Oklahoma. 


Dr. B. E. Gillam of the University of Missouri has been appointed to an 
assistant professorship at Drake University, Des Moines, Iowa. 


Associate Professor Mary Goins of Western College has been appointed to an 
associate professorship at DePauw University. 


F. F. Helton of the University of Illinois has been appointed to an associate 
professorship at Central College, Fayette, Missouri. 


Dr. A. W. Jones of Yale University has been appointed to an assistant pro- 
fessorship at Michigan State College. 
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Assistant Professor J. F. Kubis of Fordham University has been pomene to 
an associate professorship. 


Assistant Professor J. N. McClelland of Drake University is now engaged 
in war work at California Institute of Technology. 


Professor W. H. McCrea of Queen’s University, Belfast, Northern Ireland, 
has been appointed to a professorship at the University of London. 


Associate Professor Florence M. Mears of George Washington University 
has been promoted to a professorship. 


Associate Professor Cronan Mullen of Siena College, Loudonville, New 
York, has been promoted to a professorship in physics and the acting chairman- 
ship of the Science Department. 


Dr. G. M. Robison of Susquehanna University has been promoted to an 
assistant professorship. 


Assistant Professor A. E. Ross of St. Louis University has been promoted to 
an associate professorship. 


Dr. T. H. Southard of Wayne University has been promoted to an assistant 
professorship. 


Assistant Professor W. G. Warnock of the University of Alabama has been 
promoted to an associate professorship. 


Associate Professor S. S. Wilks of Princeton University has been promoted 
to a professorship. 


J. F. Wyckoff of Trinity College has been promoted to an assistant professor- 
ship. 


The following appointments to instructorships are announced: 
Oregon State College: Dr. S. P. Avann 

Queens College: Dr. Ruth O. Goodman, Dr. J. C. R. Li 
University of Michigan: Dr. O. G. Owens 

University of Saskatchewan: Dr. W. J. R. Crosby 


Professor Paul Capron, formerly of the United States Naval Academy, died 
September 29, 1944. He was a charter member of the Mathematical Association. 


Dr. R. R. Fleet, formerly head of the mathematics department of William 
Jewell College, Liberty, Missouri, died December 1, 1944. He was a charter 
member of the Mathematical Association. 


Lieutenant F. E. Riley, Jr., formerly a teacher in North Phoenix High 
School, Arizona, was killed in action in the China Burma India theater October 
22, 1944. 


Professor Emeritus C. L. Thornburg of Lehigh University died October 14, 
1944. 
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WAR INFORMATION 


sy C. V. NEwsom 


Send news reports upon the utilization of mathematicians or mathematics in war activities 
to C. V. Newsom, Oberlin College, Oberlin, Ohio. 


THE ESMWT PROGRAM OF PENNSYLVANIA STATE COLLEGE 


The ESMWT Program supervised by the Pennsylvania State College has 
been of considerable interest to educators because of its extent and several novel 
experiments in organization. The following brief report treats those features of 
the Program of especial interest to mathematicians. 

The Pennsylvania State College has offered work under ESMWT in all de- 
partments of engineering, in a number of branches of the mineral industries, 
and in chemistry, physics, mathematics, and economics. Some of the work has 
been done in residence, but most of it has been carried on by extension in more 
than a hundred communities throughout Pennsylvania. All extension classes 
are supervised by members of the regular residence departments of the College. 
A separate operating division has handled the business details of ESMWT, to- 
gether with a number of regular extension activities. This central plan of organ- 
ization has been quite effective, and has been particularly helpful in the case of 
courses, such as the one on quality control, which required the coordination of 
facilities to meet the needs of several departments. 

Many courses are offered in communities where the registration is drawn 
chiefly from several local industries. In communities where large industries are 
located, registration is frequently limited to the employees of a single company. 
This is especially true of certain of the more specialized and advanced courses. 

The standard courses offered in mathematics start with elementary algebra 
and trigonometry, and continue through calculus and differential equations. A 
course in higher mathematics upon the level of advanced calculus and another 
in the theory of functions of a complex variable have been given at the request 
of particular engineering groups. In general, however, most of the demand has 
been for classes on an elementary level. 

Several courses have been given which draw their subject matter from two 
fields. For instance, an introductory course in physics and mathematics has 
been offered under the title “Foundations of Engineering, I.” This course has 
been requested most frequently of the varous combinations, and interest in it 
has been at a high level ever since its introduction in 1941; at times thirty or 
forty sections have been running simultaneously. Laboratory equipment has 
always been provided for the physics portion of the work, and this has added 
considerable interest to the project. Mathematics has also been combined with 
engineering mechanics, with electrical engineering, with radio, and with draft- 
ing. Each of these combinations serves a specific type of industrial group; con- 
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sequently demand for these courses has been less than for the general mathe- 
matics and physics course. A combination course in quality control was set up 
cooperatively by the departments of mathematics and industrial engineering. 
The course is generally regarded as satisfactory, but requests for it have been 
limited to those companies which have already made some application of qual- 
ity control in their inspection procedures. The cooperation of departments in 
the writing of an outline for a single course has appreciably increased the 
mutual understanding of the problems of the several departments. 

There has been little attempt as yet to evaluate the results of combination 
courses from such points of view as efficiency of teaching, concentration of 
emphasis upon essentials of course content, and student interest. However, there 
appears to be some basis for the belief that combined courses can be used to 
advantage in the usual college curriculum as well as in the college extension pro- 
gram. 


THE NAVY CAMPAIGN FOR RADAR TECHNICIANS 


In recent months the Navy has been conducting an intensive campaign to 
obtain recruits who will study to become radio technicians, with the emphasis 
upon radar. Voluntary enlistments are open to men of 17 and to those who 
are 38 and over. Each inductee who passes his pre-induction physical examina- 
tion and who meets Navy standards may request to take the Eddy Aptitude 
Test. Those who pass are assured of assignment to the Navy for radio technician 
training. 

No extensive technical background is necessary to pass the Eddy Test. It 
is essential, however, to have a knowledge of elementary mathematics and 
physics. Some acquaintance with the principles of radio is also helpful. 

Men who pass the Eddy Test become Seamen First Class, and are sent to a 
Naval Training Center for indoctrination. After that, each man receives nine 
months of specialized training and a Petty Officer rating. The program may be of 
interest to young men who have been able to study a term or two of college 
mathematics and physics before induction. 


THE EDUCATIONAL PROGRAM FOR CANADIAN VETERANS 


The leaders of Canada in the future must come, in large measure, from those 
young Canadians who have volunteered for active service in this war. This is a 
principle which the Dominion has recognized in setting up its plans for post-war 
rehabilitation of the armed services, with the result that full opportunity to re- 
sume education is given to the young ex-serviceman, or woman, whose ambition 
to go to university was interrupted by the war. Under the Post-Discharge Re- 
establishment Order of October 1, 1941, a single man can obtain a maintenance 
grant of $60 per month. Married men receive $80 per month, and, in addition, 
dependents’ allowances may be granted. Moreover, university fees are paid. 

With 47 per cent of service personnel in this war having high or technical 
school training as compared with 13 per cent in the last war, the number of those 
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who might qualify for university training is large. All who were qualified for 
university admission at the time of enlistment, or who can qualify within fifteen 
months after discharge, may receive this opportunity. 

In addition to the fact that initial educational standards are higher, the 
avenue of educational opportunity within the services has been opened more 
widely through the establishment of Directorates of Education in each of the 
services and through the opportunities provided by the Canadian Legion Edu- 
cational Services. 

Length of service, in the first instance, is the governing factor in the period 
of time for which an exserviceman or woman applying for university training 
may receive Government assistance. Grants are awarded on a month-for-month 
basis, for the time veterans were in the service, providing progress is satisfac- 
tory. For instance, an ex-serviceman with two full years in the armed services 
could receive twenty-four months of assistance. This would mean that he could 
complete three academic years (each year figured on eight school months) with 
Government assistance. However, the Government is of the opinion that the 
opportunity to complete the requirements for a degree should be available to 
the outstanding student. If, then, at the conclusion of the period of training 
to which he is entitled by his war service, a student has demonstrated the nec- 
essary ability, the assistance may be extended until he has completed his uni- 
versity course. Moreover, if his scholarship is sufficiently outstanding, he may 
be assisted in post-graduate studies. Post-graduate opportunities also are avail- 
able to those who had entered upon, or were about to enter upon post-graduate 
studies at the time of their enlistment. 

The regulations provide that no one may repeat a year’s work for which bene- 
fits have already been paid, nor may he exhaust benefits in university study and 
then expect to receive vocational training. 

This post-discharge training program is now in effect, and a number of ex- 
servicemen and women discharged from the armed forces in this war are attend- 
ing Canadian universities and normal schools. Under a recent amendment, uni- 
versity education was authorized in exceptional cases at any university or col- 
lege “of educational standards approved by the Minister” when suitable facili- 
ties are not available in Canada. 

Provision has also been made for a wide program of vocational training for 
ex-service personnel. Under the Order, maintenance funds are provided, provi- 
sions are made for the selection of trainees, and courses of training are author- 
ized. If ex-service men or women believe that a course of vocational training will 
assist in their rehabilitation, they first have a preliminary interview with the 
Veterans’ Welfare Officer of the Department of Pensions and National Health 
stationed in the Employment and Selective Service Office in most of the larger 
centers of the Dominion. Where there is no Welfare Officer immediately avail- 
able, local Canadian Legion Branches have taken on the responsibility for these 
preliminary interviews. If it is felt, as a result of these first conferences, that 
applicants will benefit by training, they are referred to the training officer or 
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counsellor for further interview or recommendation. As a result of this inter- 
view, the case comes before the District Rehabilitation Board which has the 
power to approve grants and training, and the ex-serviceman or woman is then 
granted a suitable course of vocational training if it is found that such training 
will assist in rehabilitation. 

Maintenance grants for those taking vocational training are the same as for 
those studying in universities. These grants, however, will not be paid in most 
cases for any period in excess of 52 weeks. In an exceptional case, if the period of 
service is longer, the grant may be extended sufficiently to enable a veteran to 
complete a course of training, provided the full training period does not exceed 
the length of service. Veterans taking treatment in hospitals may be permitted 
to take approved correspondence courses with fees paid. This privilege may also 
be extended to those employed, in cases where part time or evening courses are 
not available. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


THE TWENTY-EIGHTH ANNUAL MEETING OF THE ASSOCIATION 


The twenty-eighth annual meeting of the Mathematical Association of 
America was held at Chicago, Illinois, on Saturday and Sunday, November 25 
and 26, 1944, in conjunction with meetings of the American Mathematical Soci- 
ety. About two hundred and thirty persons attended the meetings, including the 


following one hundred and sixty members of the Association: 


L. K. Apxins, State Teachers College, La 
Crosse, Wis. 

V. W. Apxisson, University of Arkansas 

A. A. ALBERT, University of Chicago 

E. F. ALLEN, Oklahoma A. and M. College 

BEuLAH M. ARMSTRONG, University of Illinois 

Max AstracuaNn, Antioch College 

H. G. Ayre, Western Illinois State Teachers 
College 


Ruts M. Wright Junior College 

R. H. BaRDELL, University of Wisconsin Exten- 
sion Division 

C. F. Barr, University of Wyoming 

WALTER BartTEY, University of Chicago 

Grace E, Bates, University of Illinois 

FELIx BernstTEIn, New York University 

H. R. BEVERIDGE, Monmouth College 

S. F. Brss, Illinois Institute of Technology 

H. L. Biack, Westminster College 

G. A. Butss, University of Chicago 


Henry BLuMBERG, Ohio State University 

M. G. Boyce, Western Reserve University 

R. W. Brink, University of Minnesota 

E. L. BuELL, Northwestern University 

R. S. Burincton, Case School of Applied 
Science 

HERBERT BuUSEMANN, Illinois Institute of Tech- 


nology 
W. H. Bussey, University of Minnesota 


W. D. Carrns, Oberlin College 

C. S. Cartson, St. Olaf College 

W. B. Carver, Cornell University 

W. B. Caron, Illinois Institute of Technology 
E. W. CHITTENDEN, University of lowa 

R. V. CHuRCHILL, University of Michigan 
Mary D. CLEMENT, Wells College 

R. H. Coe, University of Western Ontario 
J. J. Corxiss, De Paul University 

H. M. Cox, University of Nebraska 

D. R. Curtiss, Northwestern University 
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Paut D’Arco, De Paul University 

James Epcar Davis, University of Illinois 
Joun DeECicco, Illinois Institute of Technology 
J. E. Dorterer, Indiana Central College 


Paut Washburn University 

J. P. Esposito, Crane Technical High School, 
Chicago 

H. P. Evans, University of Wisconsin 

H. S. Everett, University of Chicago 


Wit FELLER, Brown University 

Epna M. FELTGEs, Woodrow Wilson Junior 
College 

W. L. Fretps, Louisville Municipal College 

J. V. Fincu, Capt., U. S. Army 

N. J. Fine, Lukas-Harold Corporation, In- 
dianapolis 

L. R. Forp, Illinois Institute of Technology 

J. S. Frame, Michigan State College 


H. M. Geuman, University of Buffalo 

J. W. Givens, Jr., Northwestern University 

G. D. Gore, Central Y. M.C. A. College, Chi- 
cago 

L. M. Graves, University of Chicago 

Laura Z. GREENE, Washburn University 

V. G. Grove, Michigan State College 


D. W. HALL, University of Maryland 

P. R. Hatmos, Syracuse University 

R. W. HAMMING, University of Illinois 

E. G. HARRELL, State Teachers College, Platte- 
ville, Wisconsin 

W. L. Hart, University of Minnesota 

J. O. Hassier, University of Oklahoma 

E. D. HELLINGER, Northwestern University 

Fritz HERzoG, Michigan State College 

E. H. C. HitpEBRANDT, Northwestern Univer- 
sity 

T. H. HiLDEBRANDT, University of Michigan 

J. D. Hitt, Michigan State College 

T. R. Hoticrort, Wells College 

R. C. Hurrer, Beloit College 

H. K. Hucues, Purdue University 

C. C. Hurp, U. S. Coast Guard Academy 


M. H. INGRAHAM, University of Wisconsin 


R. D. James, University of British Columbia 
L. S. Jounston, University of Detroit 
B. W. Jones, Cornell University 


SAMUEL KARLIN, Illinois Institute of Technol- 
ogy 


Dora E. KEARNEY, Iowa State Teachers Col- 
lege 

KATHARINE B. KEPPLER, Foxcroft School, 
Middleburg, Virginia 

E. C. K1erer, James Millikin University 

H. R. KinGston, University of Western Ontario 

J. R. Kune, University of Pennsylvania 

L. A. KNowLer, University of lowa 

J. C. Koxen, Parks Air College 

W. C. Kratuwont, Illinois Institute of Tech- 
nology 

W. H. Kurzin, Herzl Junior College 


A. E. Lampen, Hope College 

JosErH LANDIN, University of Notre Dame 
E. P. LANE, University of Chicago 

R. E. Lancer, University of Wisconsin 

D. H. Leavens, University of Chicago 

A. T. Lonsetn, Northwestern University 


C. C. MacDurFeE, University of Wisconsin 

H. F. Mac NeEtsu, Brooklyn College 

Morris MARDEN, University of Wisconsin 

W. T. Martin, Syracuse University 

MarGarET E. Maucu, Michigan State College 

J. R. Mayor, Southern Illinois Normal Univer- 
sity 

Kart MENGER, University of Notre Dame 

K. W. MILLER, Commonwealth Edison Com- 
pany, Chicago 

H. J. Miser, Lawrence College 

W. L. Miser, Vanderbilt University 

. C. MOELLER, Marquette University 

. E. Moore, University of Illinois 

. W. Moray, Lane Technical School, Chicago 

UGENIE M. Morenwvs, Sweet Briar College 
Mow ton, Northwestern University 
MussELMAN, Western Reserve University 


> 


R. 

. L. NELson, Wayne University 

. V. Newsom, Oberlin College 

VAN NIVEN, Purdue University 

E. P. Norturop, University of Chicago 

F. S. Nowtan, University of British Columbia 
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E. B. OcpEN, Union College 

Rurus OLDENBURGER, Illinois Institute of 
Technology 

J. M. H. OtmsteEp, University of Minnesota 

F. W. Owens, Pennsylvania State College 


Gorpon Patt, McGill University 
P. M. Peprer, University of Notre Dame 
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GEORGE PrraniAN, Northwestern University 
J. C. Pottey, Wabash College 
ApRIEN Pou tiot, Laval University 


J. F. Ranpotpu, Oberlin College 

W. R. Ransom, Tufts College 

B. RAsMusEN, Wilson Junior College 

C. B. ReaD, University of Wichita 

F. A. REIBER, Chicago 

W. T. Re1, Northwestern University 

Harm REINGOLD, Illinois Institute of Technol- 


ogy 
P. R. Rwer, Washington University 
W. H. RoEver, Washington University 
E. H. Rorue, University of Michigan 


Hans SAMELson, Syracuse University 

R. G. SANGER, University of Chicago 

K. C. Scnraut, University of Dayton 
TRYPHENA H. ScrpiorskI, Detroit 

M. E. SHanxs, University of Missouri 
H. A. Smumons, Northwestern University 
R. C. Smpson, JR., University of Wisconsin 
E. R. Suita, Iowa State College 

G. W. Sita, University of Kansas 

Z. L. Smit, University of Chicago 

L. W. Starx, William Jewell College 

R. C. STEPHENS, Knox College 

B. M. Stewart, Michigan State College 
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E. B. StourFer, University of Kansas 
E. G. Swarrorp, Park College 
a 


G 
H. P. TurEvman, Iowa State College 
T. Y. THomas, Indiana University 

C. J. THorne, Louisiana State University 


Henry VAN ENGEN, Iowa State Teachers Col- 
lege 

J. I. Vass, University of Wisconsin Extension 
Division 

JoHN von NEuMANN, Institute for Advanced 
Study 


H. S. Watt, Northwestern University 

K. W. Weener, Carleton College 

Marie J. WE!ss, Sophie Newcomb College 

W. M. Wuysury, Texas Technological College 

L. R. Witcox, Illinois Institute of Technology 

J. W. Witey, Anderson College and Theological 
Seminary 

K. P. Indiana University 

R. S. WoLFE, Northwestern University 

K. Wricut, Southern Illinois Normal 
University 


J. H. Zant, Oklahoma A. and M. College 

Oscar ZARISKI, Johns Hopkins University 

M. ZELLER, College of St. 
Francis 


The meetings were held in the auditorium of the Museum of Science and In- 


dustry in Jackson Park at 57th Street and South Shore Drive, and the hotel 
headquarters were at the Hotels Windermere. Lunches were available at a con- 
venient cafeteria in the Museum. 

A joint dinner for the two organizations was held at 6:00 p.m. on Saturday 
at the Hotel Windermere West. President W. M. Whyburn of Texas Techno- 
logical College acted as toastmaster. He introduced Professor R. E. Langer of 
the University of Wisconsin who gave a short talk on post-war problems. At the 
close of his talk he called attention to the loss to American mathematics in the 
recent death of Professor G. D. Birkhoff of Harvard University, and the guests 
at the dinner stood for a moment of silent tribute to the memory of this out- 
standing member of the two mathematical organizations. Professor W. T. Mar- 
tin of Syracuse University offered resolutions expressing thanks to Major L. R. 
Lohr, Director of the Museum of Science and Industry, to Mrs. Florence Car- 
roll of the staff of the Museum, to the management of the Hotels Windermere, 
and to the Committee on Arrangements, for their cooperation and help in mak- 
ing the meetings pleasant and successful; and these resolutions were adopted by 
a rising vote. 

The sessions of the American Mathematical Society were held on Friday 
and on Saturday morning and afternoon. On Friday at 7:45 p.m. the eighteenth 
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Josiah Willard Gibbs Lecture was given by Professor John von Neumann, the 
title being “The ergodic theorem and statistical mechanics.” On Saturday at 


2:00 p.m., by invitation of the Program Committee, Professor Will Feller gave 


an address on “Limit theorems in the theory of probability.” 

The Mathematical Association held sessions Saturday evening and Sunday 
morning, the program having been prepared by a committee consisting of L. M. 
Graves, Chairman; L. M. Blumenthal, E. R. Smith. The program follows. 


First SESSION OF THE ASSOCIATION 


Symposium on undergraduate mathematical curricula. 

“The changing curriculum in secondary schools and the preparation of 
teachers,” by Professor Raleigh Schorling, University of Michigan. . 

“The integration of undergraduate mathematics and physics,” by Professor 


Michael Ference, University of Chicago. 


“Applied courses for students majoring in mathematics,” by Professor R. V. 


Churchill, University of Michigan. 


SECOND SESSION OF THE ASSOCIATION 


Symposium on undergraduate mathematical curricula (continued). 
“Mathematics in a liberal education,” by Professor E. P. Northrup, Uni- 


versity of Chicago. 


“The needs of the mathematics major and the graduate student,” by Pro- 
fessor E. W. Chittenden, University of Iowa. 
“The problem of the returning veteran,” by Professor C. V. Newsom, Ober- 


lin College. ; 


MEETING OF THE BOARD OF GOVERNORS 


The Board met Saturday afternoon at 3:30 at Hotel Windermere West. 
Sixteen members of the Board were present, including eight Regional Gover- 


nors. 


The following thirty-five persons were elected to membership on applications 


duly certified: 


SIsTER WINIFRED ABL, A.B. (St. Joseph's Coll., 
Md.) St. Joseph’s Coll., Emmitsburg, Md. 

G. B. Banks, Ph.D.(Niagara Univ.) Prof., 
Physical Sci., Niagara Univ., Niagara Uni- 
versity, N. Y. 
R. A. Beaumont, Ph.D.(Illinois) Asst. Prof., 
Univ. of Washington, Seattle, Wash. 
Grace L. Botton, B.S.(N. J. Coll. for Women) 
Instr., New Jersey Coll. for Women, New 
Brunswick, N. J. 

W. C. Bornmann, A.M.(Columbia) Instr., 
Georgia School of Tech., Atlanta, Ga. 

P. F, Byrp, M.S.(Chicago) ist Lt., U.S. 
Army Air Corps. 


J. D. DauGuerty, A.M.(Pennsylvania) Head 
of Math. Dept., Eastside High School, 
Paterson, N. J. 

H. P. Fawcett, Ph.D.(Columbia) Prof., 
Educ., Ohio State Univ., Columbus, Ohio. 

Harry Fercuson, B.S.(Boston Univ.) Instr., 

~ Tufts Coll., Medford, Mass. 

Ase GELBART, Ph.D.(Mass. Inst. of Tech.) 
Asst. Prof., Syracuse Univ., Syracuse, 
N. Y. 

T. D. Howe, Jr., B.S. in C.E.(Harvard) T.D. 
Howe Construction Co., Houston, Tex. 


J. B. Jerrries, M.S.(Chicago) Jr. Chemist, 
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Metallurgical Lab., Univ. of Chicago, Chi- 
cago, Ill. 

S. A. JenninGs, Ph.D.(Toronto) Asso. Prof., 
Univ. of British Columbia, Vancouver, 
B.C., Can. 

R. E. Jonnson, Ph.D.(Wisconsin) Asst. Prof., 
Mount Holyoke Coll., South Hadley, 
Mass, 

Roserta F, Jonnson, Ph.D.(Cornell) Asso. 
Prof., Wilson Coll., Chambersburg, Pa. 

H. L. Kraut, Ph.D.(Brown) Asso. Prof., 
Pennsylvania State Coll., State College, 
Pa. 

Kravetz. Student, Brooklyn Coll., 
Brooklyn, N. Y. 

Rev. B. J. Kun, A.M.(St. Bonaventure) 
Prof., Siena Coll., Loudonville, N. Y. 

W. C. McDanieEt, Ph.D.(Wisconsin) Asso. 
Prof., Southern Illinois Normal Univ., 
Carbondale, III. 

RoBert McLARREN. Managing Editor, Air 
Age, Inc., 551 Fifth Ave., New York 17, 
N.Y. 

Rev. W. J. Mitier, Ph.D.(Harvard) Prof., 
Woodstock Coll., Woodstock, Md. 

E. E. Mots, A.B.(Tulane) Lt. (j.g.), U.S.N.R. 

D. C. Murpocu, Ph.D.(Toronto) Asso. Prof., 
Univ. of British Columbia, Vancouver, 
B.C., Can. 


G. M. Navt, B.Ch.E.(Pratt Inst.) Shift Su- 
pervisor, Celanese Corp. of America, Cum- 
berland, Md. 

ALBERT NEwuHOUuSE, Ph.D.(Chicago) Instr., 
Rice Inst., Houston, Tex. 

W.H. Norris, Jr., A.B. (George Washington) 
Teacher, Maury High School, Norfolk, Va. 

D. O. Patterson, Ph.D.(Minnesota) Head of 
Dept., State Teachers Coll., Valley City, 
N. D. 

C. R. PertsHo, A.M. (Haverford Coll.) Instr., 
Junior Coll., McCook, Nebr. 

BernarpD Rasor, M.S.(Calif. Inst. of Tech.) 
Research Engr., California Inst. of Tech., 
Pasadena, Calif. 

Eric REISssNER, Ph.D.(Mass. Inst. of Tech.) 
Asst. Prof., Massachusetts Inst. of Tech., 
Cambridge, Mass. 

E. H. Rorue, Ph.D.(Berlin) Asst. Prof., Univ. 
of Michigan, Ann Arbor, Mich. 

E. J. Srurxen, A.M.(Texas) Statistician, 
Geophysical Service, Inc., 1311 Republic 
Bank Bldg., Dallas 1, Tex. 

E. G. Swarrorp, A.M.(Syracuse) Asst. Prof., 
Park Coll., Parkville, Mo. 

L. I. WapE, Jr., Ph.D.(Duke) Instr., Duke 
Univ., Durham, N. C. 

D. W. Western, A.M.(Michigan State) 
Instr., Brown Univ., Providence, R. I. 


The Secretary reported the deaths of the following members of the Associa- 


tion: 


G. D. Birkhoff, Professor of mathematics, Harvard University. (November 12, 1944) 
T. S. Fiske, Professor emeritus of mathematics, Columbia University. (January 10, 1944) 
Harris Hancock, Professor emeritus of mathematics, University of Cincinnati. (March 19, 


1944) 


Edward Helly, Instructor in signal corps training program, Illinois Institute of Technology. 


(November 28, 1943) 


Sister Thomas Marie Maloney, Instructor in mathematics, Trinity College, Washington, 


D. C. (1943) 


J. S. Miller, Professor of mathematics, Emory and Henry College. (March 16, 1944) 


Ruth Newlin, Teacher, Junior College and High School, Creston, Iowa. October 20, 1944. 

H. L. Rietz, Professor of mathematics, University of lowa. (December 7, 1943) 

T. R. Rosebrugh, Professor of electrical engineering, University of Toronto. (January 24, 1943) 

J. A. Shohat, Professor of mathematics, University of Pennsylvania. (October 8, 1944) 

D. E. Smith, Professor emeritus of mathematics, Columbia University. (July 29, 1944) 

J. R. Wilton, Professor of mathematics, University of Adelaide, Australia. (April 1944) 

Clyde Wolfe, Mathematician, Radiation Laboratory, University of California. (March 25, 
1944) 


The Board elected W. F. Cheney, Jr., as Second Vice-President for a term 
of two years beginning January 1, 1945. 
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The Board received a report from the Committee on the Chauvenet Prize 
consisting of Philip Franklin, Chairman; Saunders Mac Lane, and G. T. Why- 
burn. The committee recommended that the prize for the years 1941-43 be 
awarded to R. H. Cameron for his paper, “Some introductory exercises in the 
manipulation of Fourier transforms,” National Mathematics Magazine, vol. 15 
(1941), pp. 331-356. Acting on this recommendation, the Board voted to award 
the prize to Professor Cameron. 

The Board voted to accept the invitation from McGill University to hold 
the summer meeting of the Association at Macdonald College of McGill Univer- 
sity on Saturday, June 23, 1945. The American Mathematical Society will meet 
there on Sunday and Monday, June 24-25. These meetings will follow the 
Canadian Mathematical Congress which will meet at McGill University during 
the week of June 18-23. 

Certain suggestions from the Cooperative Committee on the Teaching of 
Science were presented to the Board. After some general discussion the sugges- 
tions were referred to the Association’s Conference Committee on Education 
for study and subsequent report to the Board. 

The resignation of Professor W. D. Cairns from the War Policy Committee 
was presented, and the Board voted to accept the resignation to be effective 
January 1, 1945. The Board then elected Professor C. C. MacDuffee to succeed 
Professor Cairns on this joint committee of the Association and the Society. 

On nomination of the Editor-in-Chief the Board elected the following asso- 
ciate editors of the MONTHLY for the year 1945: 


E. F. BECKENBACH Otto DUNKEL MARJORIE GROVES 
L. M. BLUMENTHAL H. P. EvANs B. W. JONES 

N. B. CONKWRIGHT B. F. FINKEL C. V. NEwsoM 

H. S. M. CoxETER J. S. FRAME P. R. RIDER 

W. M. Davis ORRIN FRINK, JR. MarRIE J. WEISS 


After President Cairns had retired from the meeting, the Secretary presented 
a recommendation from the Executive Committee. In view of the long and 
unique service of Professors Slaught and Cairns to the Association, the com- 
mittee recommended that the same recognition that had been given to Professor 
Slaught in 1933 be accorded at this time to Professor Cairns. The Board voted 
unanimously to recommend to the Association at its annual business meeting 
that the By-Laws of the Association be suspended and that Professor W. D. 
Cairns be elected Honorary President for life with the privileges of honorary life 
membership. 


ANNUAL BusINEss MEETING 


The annual business meeting of the Association was held on Sunday morning 
at 9:30, President Cairns presiding. 

On recommendation from the Board of Governors, the Association voted the 
following amendments to the By-Laws, the effect of these amendments being to 
abolish institutional memberships in the Association: 
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ARTICLE II 
Section 2 to be eliminated. 
In Section 3, after the word “individual” delete the phrase “or institution” 
and after the word “endorsed” delete the phrase “in the case of individuals.” 
Sections 3 and 4 to be renumbered as 2 and 3. 


ARTICLE VII 


In Section 1, delete the word “individual.” 

In Section 2, delete the word “individual.” 

Section 3 to be eliminated. 

Sections 4, 5 and 6 to be renumbered as 3, 4 and 5. 


The results of the election of officers were announced as follows: 

President for the term 1945-46: C. C. MacDuffee, University of Wisconsin. 

Governors at Large for the term 1945-47: Walter Bartky, University of 
Chicago; H. S. M. Coxeter, University of Toronto. 

An announcement was made of the award by the Board of Governors of the 
Chauvenet Prize for 1941-43 to R. H. Cameron, Massachusetts Institute of 
Technology. 

The Secretary presented the recommendation from the Board of Governors 
that the By-Laws be suspended and that W. D. Cairns be made Honorary 
President for life with the privileges of life membership. The recommendation 
was adopted by a unanimous rising vote. 

W. B. CaRVER, Secretary-Treasurer 


THE SPRING MEETING OF THE MARYLAND-DISTRICT 
OF COLUMBIA-VIRGINIA SECTION 


The spring meeting of the Maryland-District of Columbia-Virginia Section 
of the Mathematical Association of America was held on Saturday, April 15, 
1944, at the George Washington University in Washington, D. C. Professor 
J. H. Taylor, Chairman of the Section, presided at the morning and afternoon 
sessions. 

There were fifty-six persons in attendance, including the following thirty- 
three members of the Association: O. S. Adams, Harriet W. Allen, M. W. Aylor, 
T. E. Berry, Archie Blake, Lillian O. Brown, G. R. Clements, Abraham Cohen, 
J. A. Duerksen, E. J. Finan, B. H. Gere, Michael Goldberg, D. W. Hall, E. H. 
Hanson, F. E. Johnston, L. M. Kells, W. D. Lambert, A. E. Landry, J. A. Lar- 
rivee, Carol V. McCamman, E. J. McShane, Florence M. Mears, J. F. Milos, 
T. W. Moore, W. K. Morrill, C. R. Phelps, Grace Shover Quinn, O. J. Ramler, 
R. E. Root, A. D. Sollins, J. H. Taylor, C. H. Wheeler, 111, E. W. Woolard. 

At the business meeting the following officers were elected for the coming 
year: Chairman, C. H. Wheeler, 111, University of Richmond; Secretary, W. K. 
Morrill, Johns Hopkins University; Executive Council, J. H. Taylor, George 
Washington University, and Michael Goldberg, Bureau of Ordnance; Regional 
Member of the Board of Governors, D. W. Hall, University of Maryland. 

The following program was presented: 
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1. Pythagorean representations, by Lt. (j.g.) C. R. Phelps, U. S. Navy. 


2. A three-space linkage network, by Michael Goldberg, Bureau of Ordnance, 
U. S. Navy Department. 

It has been proved by A. B. Kempe (1878) that each of the four links of a 
plane movable quadrilateral linkage can be linked to a common pivot without 
restricting the movability of the linkage. No three pivots of the resulting con- 
figuration need be collinear. Mr. Goldberg demonstrated, with the aid of me- 
chanical models, his three-space analogue of Kempe’s theorem. Specifically, he 
showed that each of the four links of a hinged movable skew quadrilateral linkage 
can be linked by hinges to a common hinge without restricting the movability 
of the linkage. No two hinges of the resulting configuration need be parallel or 
concurrent. No three hinges need have a common perpendicular. 


3. Vertices of plane curves, by Dr. S. B. Jackson, introduced by the Secretary. 

A closed curve of class C’”’ which is not a circle has two vertices, by virtue of 
the continuity of the curvature. It was the purpose of this paper to characterize 
geometrically those curves with exactly two vertices. Let a curve be called 
normalized if it contains no complete circles, and let a simple closed arc of the 
curve which is never met again by the curve be called a simple loop. The follow- 
ing facts were established for any normalized curve C having two vertices: 
(a) the curve C may be divided into two simple arcs; (b) all double points are 
simple; (c) the curve contains exactly two simple loops, one containing each 
vertex; (d) none of the regions of the plane bounded by C are bounded always in 
the same sense except those regions bounded by the loops; (e) at any point of 
tangency the directed tangents coincide. Slightly different results were obtained 
for curves which are not normalized. The methods employed were elementary, 
extensive use being made of the invariance of vertices under direct circular 
transformations. 


4. Green’s functions associated with problems in beam deflection, by Dr. H. T. 
Muhly, U. S. Naval Academy, introduced by the Secretary. 

The differential equation of the elastic curve of a transversally loaded beam 
is y’’ = —(1/s)M(x), where s=EI is the stiffness coefficient, and M(x) is the 
bending moment at the point x of the beam. The boundary conditions most fre- 
quently associated with this equation are y(0) =y(ZL) =0, where L is the length 
of the beam. A widely used formula (a corollary to Castigliano’s theorem) for 
the solution of this problem is y(x) =(1/s) [7 M(t)m(x, t)dt, where m(x, t) denotes 
the bending moment set up by a unit load at x. It was pointed out that this for- 
mula has the inherent disadvantage that the computation of m(x, ¢) involves 
the solution of an indeterminate problem whenever the beam is statically inde- 
terminate. As an alternative it was suggested that Green’s function be used to 
exhibit the solution. One would then obtain 
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y(x) = ral M(t)t(L — x)dt + =f M(é)x(L — é)dt. 


if 
| 
te 
ii 


118 CALENDAR OF FUTURE MEETINGS 


It was shown that this representation enabled one to derive in one step the fa- 
miliar “three moment theorem” of Clapeyron. The generality of the method 
was brought out by applying it to the cases in which the beam carried an axial 
compression or tension in addition to the transverse load. The Green’s functions 
for these cases were given, and the solutions obtained thereby were used to 
derive generalizations of Clapeyron’s theorem to these more difficult cases. 


5. Mathematics as she are taught, by Dr. L. B. Tuckerman, introduced by 
the Secretary. 

The speaker pointed out many erroneous and ambiguous details in mathe- 
matics texts and other publications. He urged that all teachers make an effort 
to be more precise in their teaching. 

W. K. Secretary 


The Editor-in-Chief wishes to express his indebtedness to the following per- 
sons who have served as referees of papers during 1944. 

E. F. Beckenbach, L. M. Blumenthal, W. C. Brenke, R. W. Brink, B. H. 
Brown, H. E. Buchanan, W. E. Buker, R. S. Burington, J. W. Campbell, 
W. B. Carver, W. B. Caton, N. B. Conkwright, A. H. Copeland, H. S. M. 
Coxeter, C. C. Craig, John DeCicco, H. J. Ettlinger, J. S. Frame, M. G. Gaba, 
M. R. Hestenes, T. H. Hildebrandt, Dunham Jackson, W. C. Krathwohl, 
Mayme I. Logsdon, C. C. MacDuffee, G. M. Merriman, E. J. Moulton, J. R. 
Musselman, Rufus Oldenburger, Isaac Opatowski, Haim Reingold, P. R. Rider, 
M. A. Sadowsky, I. M. Sheffer, E. B. Stouffer, T. Y. Thomas, T. L. Wade, 
Marie J. Weiss, and F. E. Wood. 


CALENDAR OF FUTURE MEETINGS 
Twenty-Eighth Summer Meeting, Montreal, Canada, June 23-25, 1945. 


The following is a list of the Sections of the Association with dates of future meetings so far 
as they have been reported to the Secretary. 


ALLEGHENY MounrtTAIN 

ILLINOIS 

INDIANA 

Iowa, Cedar Rapids, April 14, 1945 

Kansas 

KENTUCKY 

MARYLAND-DIsTRICT OF COLUMBIA-VIR- 
cintA, Washington, D. C., May, 1945 

METROPOLITAN New York, Brooklyn, 
April 21, 1945 

MICHIGAN 

MINNESOTA 

Missouri 


NEBRASKA 

NORTHERN CALIFORNIA 

Ox10, Columbus, April 5, 1945 

OKLAHOMA 

PHILADELPHIA, Philadelphia, December 
1, 1945 

Rocky MountTAIN 

SOUTHEASTERN 

SouTHERN CALIFoRNIA, Los Angeles, 
March 10, 1945 

SOUTHWESTERN 

TEXAS 

Upper New York STATE 

Wisconsin, Milwaukee, May, 1945 


Mine 


Among the adoptions »-> | Bates College 


Berea College 
Bowdoin College 


HART, WILSON & TRACEY'S be of the City of 
ew York 


. College of the Holy Cross 
First Year College College of St. Thomas 
Doane College 
MATHEMATICS Franklin and Marshall College 
Grinnell College 

Essentials of College Algebra (Hart); Plane and Hampden-Sydney College 
Spherical Trigonometry with Applications (Hart) ; Mercer University 


New York Universi 
Analytic Geometry (Wilson & Tracey). Tables. 


886p. $4.00 St. Ambrose College 
St. Joseph’s College 


Skidmore College 
BRIEF EDITION 
Industries 


The complete edition with Analytic Geometry 


Uni i f Detroit 
omitted. 606p. $3.00 seed 


University of Richmond 
University of the South 
Vanderbilt University 
Whitman College 

D. C. HEATH AND COMPANY Williams College 


Westminster College 


BOOK NEWS 


Raymond W. Brink’s 
A FIRST YEAR OF COLLEGE MATHEMATICS 


Ts Brink text, which provides thorough preparation for a study of Calculus, presents 

a complete and unified course in college algebra, trigonometry, and analytical geome- 
try. It is a flexible text, well adapted to the needs of the regular first-year course in 
college mathematics, Features are a sixty-page review of elementary algebra with drill, 
a great number of illustrative examples solved in the text, and a rich variety of well- 
chosen problems. $3.75 


A First Year of College Mathematics with Spherical Trigonometry 


HIs edition of the above text includes all of the material in the author's recent textbook, 
SPHERICAL TRIGONOMETRY. This material presents a systematic and clear treat- 
ment of right and oblique spherical triangles, supplemented by illustrative material. It 
includes many problems with military and naval applications, and a section devoted to 
the definition and application of the mil. $4.00 


D. APPLETON-CENTURY COMPANY 
35 West 32nd Street, New York |, New York 
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A COMPLETE REFERENCE BOOK 
for college students in trigonometry through calculus 
THE JAMES MATHEMATICS DICTIONARY 


provides: 


the facts the student has learned in presupposed subjects, the forgetting 
of which causes most of his current difficulties; 


correlation between his various subjects by means of its carefully worked 
out cross-reference system ; 


tables—logarithmic; trigonometric; differentiation; extensive integral; de- 
nominate numbers; mathematical symbols; squares and cubes, and mathe- 
matics of finance, 


Attractive format, durable fabricoid binding, either flexible or non-flexible, price 
$3.00. Fifteen percent discount to teachers. Larger discounts on quantity orders. 


THE DIGEST PRESS, Dept. 1A 
VAN NUYS CALIFORNIA 


Rhind Mathematical 
Papyrus 


De Luxe Edition 


Volume I, Translation and Commentary 
Volume II, Photographic Plates and Fac-Simile Reproduction 


Members of the Association may procure copies at-$20.00 pe set) 
through the office of the Secretary, MCGRAW HALt, - 
versity, IrHAcCA, N.Y, Non-members order through the Open 
Court Publishing Company, La Salle, Ill., at $25.00 per set. 


THIs IS A MAGNIFICENT WORK and should be in every college 
library. The edition is absolutely limited. Most of these sets are 
already sold, and no more will be available when this edition is 
exhausted. 
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Back Whnted 


For a limited number of copies, forty cents a copy will be paid (in 
stamps for amounts less than one dollar) for any of the following 
isues of the AMERICAN MATHEMATICAL MONTHLY: 


1910, May 1931, Feb., Oct. (Part I only), Dec: 
1913, Apr., May, June, Oct. 1936, Aug.-Sept., Nov., Dec. 

1914, Jan., Apr. 1940, Jan., Apr. 

1928, June-July, Aug.-Sept., Nov. 1941, Jan., Feb., Apr., May, June-July 
1929, Aug.-Sept. (Part I only) 

1930, Jan. 1942, May 


Anyone having for sale volumes 1 to 11 inclusive, or odd copies of 
these volumes, will please communicate with the undersigned. 


W. B. Carver, Secretary-Treasurer 
MATHEMATICAL ASSOCIATION OF AMERICA 
McGraw Hall, Cornell University 
ITHACA, NEw YORK 


TRIG PROBLEMS 
ARE EASY... 


with these new Slide Rules 


The improved arrangement of the 
scales on these new Log Log Duplex 
Trig* and Log Log Duplex* Decitrig 
Slide Rules greatly simplifies the han- 
dling of trig problems. The trig scales 
refer directly to the CD scales so that 
trigonometrical functions can be used 
as factors without having their numeri- 


cal values determined. 
*Trade Mark 


KEUFFEL & ESSER CO. 


NEW YORK -: HOBOKEN, N. J. 
Chicago St.Louls SanFrancisco LosAngeles Detroit Montreal 
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MATHEMATICS TEXTS 


that fill your teaching needs—— 
LYMAN M. KELLS’ 


CALCULUS 
The calculus that 


V gives you all the material you need in a basic introductory text for one or 
two college semesters. 
V can be adapted to either engineering or academic curricula. 


V presents illustrations, diagrams, and exercises to help you visualize to stu- 
dents the real meaning and power of calculus. 


V supplies an excellent foundation for physics. 
V covers all-material of elementary differential and integral calculus. 
509 pages 6" x 9" College List $3.75 


COLLEGE ALGEBRA 
(With Revisions and Additional Problems)—by Harold T. Davis 


This basic text for the standard college freshman course contains approximately 3,000 
carefully graded problems, An outstanding feature of COLLEGE ALGEBRA with 


Revisions is the material on the historical background of mathematics, the contributions 


ae 


of leading mathematicians, and mathematical recreations, as told in four extra chapters. 
470 pages 6" x 9" College List $2.85 


OTHER ALWAYS-POPULAR P-H MATHEMATICS TEXTS 
ELEMENTS OF STATISTICS—by Elmer B. Mode 

368 pages 6" <9" College List $3.50 
THE GIST OF MATHEMATICS—by Justin H, Moore and Julio A. Mira 

808 pages 6" x9" College List $3.75 
PLANE TRIGONOMETRY, with Tables—by Fred W. Sparks and Paul K. Rees 
237 pages 6" « 9" College List $2.00 
MATHEMATICS OF FINANCE, Second Editions, Revised and Enlarged, with 
Tables—by T. M. Simpson, Z. M. Pirenian, and B. H. Crenshaw 

469 pages 6" x9" College List $3.75 


for approval copies address 


| 4 PRENTICE-HALL, INC. 70 FiFTH AVENUE, NEW YORK 11 
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Now Books... McGraw-dtill 


Elementary Statistics and Applications. Vol. I of Fundamentals of the Theory of 
Statistics 


By James G. SmitTH and Acueson J. Duncan, Princeton University. 720 pages, 
$4.00 


Designed to provide text material for the first course in general statistics. The mathe- 
matical and theoretical approach is emphasized. 


Sampling Statistics and Applications. Vol. II of Fundamentals of the Theory of 
Statistics 


By James G. Smiru and Acueson J. Duncan. In press 


Intended for the second course in statistics, this text stresses the theory of statistical 
inference and its applications. 


The Elements of Astronomy. New fourth edition 


By Epwarp Artuur Fatu, Carleton College. McGraw-Hill Astronomical Series. 
382 pages, $3.00 


This well known text has been revised to include new material accumulated since the 
publication of the third edition. The discussion of the galaxies has been entirely re- 
written. As before, the treatment is nonmathematical. 


Nautical Astronomy and Celestial Navigation. Part VII of Air Navigation 


Flight Preparation Training Series. Published under the Supervision of the Train- 
ing Division, Bureau of Aeronautics, U. S. Navy. 198 pages, $2.00 


Tells the student what to do and then shows him how and why he does it. Work sheets, 
plotting, and exercises are included. 
Mathematical and Physical Principles of Engineering Analysis 

By Wa ter C. Jounson, Princeton University. 343 pages, $3.00 


Presents the essential physical and mathematical principles and methods of attack that 
underlie the analysis of many practical engineering problems. 


Methods of Advanced Calculus 
By Puitip FRANKLIN, Massachusetts Institute of Technology. 486 pages, $4.50 


Covers those aspects of advanced calculus that are most needed in applied mathematics, 
including Taylor’s series, partial differentiation, applications to space geometry, integra- 
tion, special higher functions, Fourier series, etc. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York 18, N.Y. 
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— Books for War Courses, — 


Basic Mathematics for War & Industry 


By DAUS, GLEASON, & WHYBURN 


Clearly explains all mathematica] principles and procedures 
needed by machinists, carpenters, radio men, and others in 
industry, the skilled trades and the Armed Forces, with many 
illustrative examples and 800 excellent problems for training. 
Contains especially fine sections on geometry and trigonometry, 


$2.00 


Practical Analytic Geometry 
with Applications to Aircraft 


By ROY A. LIMING 


This book makes generally available for the first time the 
new and highly efficient techniques developed at-North Ameri- 
can Aviation, Inc., for lofting, toolingand other basic engineer- 
ing processes in the automotive, marine, and aircraft industries. 


$4.50 
Navigational Trigonometry 


By RIDER & HUTCHINSON 


A thorough training in the mathematics basic to navigation, 
with extensive application to modern sea and air navigation, 
including the sailings, charts and lines of position is given in 
this book. Nomenclature and forms of calculation are those 
used in actual practice in the armed forces. All problems are 
realistic. $2.00 


Aircraft Mathematics 
By WALLING & HILL 


This book clearly and simply explains the basic principles and 
procedures of arithmetic, algebra, graphs, geometry, logarithms, 
and trigonometry. Hundreds of practical problems give thor- 
ough training in the use of these basic procedures for the 
many kinds of calculations constantly required of those in the 
Air Forces. New American Edition, $1.25 


An Introduction to Navigation 
and Nautical Astronomy 
By SHUTE, SHIRE, PORTER & HEMENWAY 


An excellent text either for individual self-instruction or as a 
class text, this book insures the thorough training in navigation 
demanded by the Navy today for service in both sea and air 
forces. Complete in itself, it requires no supplementary books, 
tables, charts, etc. Conforms throughout to official Naval stand- 
ards and contains over 400 practical problems. $4.50 


The Macmillan Company, 60-5th Ave., New York II 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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